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A ta m a n y u k  L.S.

WIENER WEIGHTED ALGEBRA OF FUNCTIONS OF INFINITELY MANY

VARIABLES

In this article we consider a weighted Wiener type Banach algebra of infinitely many variables. 

The main result is a description of the spectrum of this algebra.

Key words and phrases: weighted algebra, spectrum of an algebra.
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I n t r o d u c t io n

Algebras of functions with absolutely summing Fourier series are called usually as Wiener 

type algebras. In [1] I. Gohberg, S. Goldberg, M.A. Kaashoek have given a description of a 

Wiener algebra with weights consisting of functions of several complex variables. They, in 

particular, described the spectrum (the set of multiplicative linear functionals) of this algebra. 

In this paper we consider a Wiener weighted algebra ]N(w) of functions of infinitely many 

variables. Our main result is Theorem 1, where we have described the spectrum of W(w). Also 

we consider the algebra W+ (w) which consists of analytic functions on a Cartesian product of 

balls of radii Pz,km· The spectrum of the algebra W+ (w) may be identified with the Cartesian 

product of these balls. In the case when w(km) =  1 for km > 0  these results was obtained 

by A.V. Zagorodnyuk and M.A. Mitrofanov in [2]. Spectra of algebras of analytic functions 

on Banach spaces were investigated by many authors in [3, 4, 5, 6]. For more informations on 

analytic functions on Banach spaces we refer the reader to [7, 8].

1 M a in  r e s u lts

Let Coo(Z) be a set of finite integer valued sequences k =  (ка)ке^  — (к\,.. .Д /,0 ,...) , 

kK Є Z  for all ос Є N , \k\ =  \ka\. A weight is a map w : Coo(Z) [I;00) satisfying

w(k -f  s) ^  w(k)w(s), where w(k) — a>(fci,...,fc/,0, . . .) , w(s) =  w(s\,.. .,s r, 0, . . .) , 

k + s =  (k\ + S\,.. . ,  k„ + s„, 0 ,...) . Let Wo (if) be the space of all complex valued functions

/  : L· —> C of the form f(x) =  Σ E  akx ^  α / m Є N , with the norm
l*l=o |fc|=o

' jmV v ■ V
m m

l l / l l = Ε  K .../■•■/fc//0,...), (і)
l*l=o l*l=o

(C) Atamanyuk L.S., 2015
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where і is the imaginary unit. Let us denote by W(w) the completion of W0(w) with respect to 

the norm (1). Hence every element /  on W(w) has the form

OO
f(x ) =  £  « / w  (2)

l*l=o

and
OO

ll/ll =  E  k K *0 < °°· (3)
1*1=0

Lemma 1. Elements of the form (2) under condition (3) generate a weighted Banach-Wiener 

algebra.

iy\kx
Proof. It is easy to see that W(w) is an algebra. Let f n =  £  Ч ь...,кіе “ * */ then

|fcl| + ...+ |fc;|=n

WfnW= Σ ...kl\w(h,---,ki).lff,g є  W (w),then
|fci|+...+ |fc/|=n

IIfngm\\ — E  lflfci,.../fc;^si,...,sr | ^ ( ^ l / · · . , k l , S i , .  . . , S r )

\k\ + \s\=n+m

< E  l«Jtl|bs|w(fc)H7(s) =  £  |я*К*) £  N »0 0  = ||/n||||gm||.
!fc| + |s|=«+m |*|=и |s|=m

OO OO OO OO
Thus ll/g-l! =  E  ||/.g„||< Σ I IM If c K  Σ IIM I Σ llf r ll =  ll/ IIM I.

n+m—0 «+ш=0 «=0 m=0
The space W(w) may be identified with the weighted £\iW{Zn) space of all sequences 

{ a kv ...,k,w ( k i ,  · · · Д ;)}-oo which are in £ i(Z n) and hence W(w) is a Banach space. □

We describe multiplicative linear functionals on W(w). Let w(km) =  w(Q,. . . ,  km, 0 ,...) ,

Pijcm := SUP k'\/w(km) =  , lim 4w {km), (4)
i, v κ*,,—У — oo V*m<o

P2,k„, :=  .inf к'ф»(кт) =  lim 4 w {km). (5)
/cw>U km—̂  oo *

Then 0 < pUm ^  p2,fcm < °°·

For each Λα, а Є N , in the annulus p\kci ^  \λα \ ^  p2//ca we define functionals h\(f) on W(zv) 

as follows
00

M / )  =  E  ah ...* ,П АЬ
|fc|=0 a

where Λ =  (Л і,. . . ,  A/, 0 ,...) . Then (4) and (5) imply that Ιιλ(/) is well-defined. It is easy to 

see that /гл (/) is multiplicative and linear functional.

Theorem 1. Each multiplicative linear functional φ on W(iv) is an h\(f ) for some λα in

Pi,a ^  l^al ^  P2,a-

Proof Let \jm Є W(w) be given by ym — etXm. The element ym is invertible in W(iv). For any 

positive integer к„, we have \\ук„Т\\ =  w(km) and \\ymkm || =  w(-km). Since

(р(Уткт) =  (<Kj/m))~4 it follows that w(-km)~1/km ^  ^  w(km)1/km. But then (4) and

(5) imply that AOT := (p(ym) belongs to the annulus P\rkm ^  |Am| ^  pi,km■ Finally, observe that
00 -ST l· 00 00

f  =  Σ aki,...,kie * χΧα Є W(w) can be written as f  =  £  ak k,T[eikaXa =  Σ Ч л к.ТІУи 
1*1=0 |fc|=0 ' ' a jfc|=0 " v a

and the series converges in the norm of W(w). Since φ is continuous, linear and multiplicative 

functional, we conclude that

OO OO 00

<K/(*)) = <p( E  ah ...k ,Y [y ka )  = E  ah ......Л/П^У")** =  E  = Λλ(/)·
|fe|=0 * 1*1=0 « 1*1=0 a

□
On other words the spectrum of W(a>) may be identified with the set of point evaluation 

functionals at points {(x\, x2, ■ ■ ■ ,Χχ, ■ ■ ■) Є £oo '■ PiA ^  ||  ^  P2,a}·

Remark 1. If we consider the case w(km) — 0 for km < 0 , then the norm, which has been

defined in (3), is actually a seminorm. Taking the quotient algebra with respect to the kernel 

of this seminorm we w ill obtain the algebra W+ (w) which consists of analytic functions on 

a Cartesian product of balls of radii p2/km ■ By the same way like in Theorem 1 we can show 

that the spectrum of W+ (w) coincides with the set of point evaluation functionals at points 

{(* !,*2,-··/*«/·■·) Є too : |x«| < p2A}·
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Розглянуто зважену банахову алгебру Вінера від нескінченного числа змінних. Основним 

результатом е опис спектру цієї алгебри.
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B a lk a n  Y .S .1, A k ta n  N .2 

ALMOST KENMOTSU /-MANIFOLDS

In this paper we consider a generalization of almost Kenmotsu /-manifolds. We get basic 

Riemannian curvature, sectional curvatures and scalar curvature properties of such type manifolds. 

Finally, we give two examples.

Key words and phrases: /-structure, almost Kenmotsu /-manifolds.
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1 I n t r o d u c t io n

Let M be a real (2n + s)-dimensional smooth manifold. M  admits /-structure [8] if there 

exists a non-null smooth (1,1) tensor field φ, tangent bundle TM, satisfying φ3 + φ =  0, 

rank φ =  2n. An /-structure is a generalization of almost complex (s =  0) and almost contact 

(s =  1) structure. In the latter case M  is orientable [9]. Corresponding to two complemen­

tary projection operators P and Q applied to TM, defined by P =  - φ2 and Q =  φ2 + I, 

where I identity operator, there exist two complementary distributions V and such that 

dim (V) =  2n and dim (fD±) — s. The following relations hold [6]

φΡ =  Ρ φ =  φ, φζ) =  Qcp =  0, φ2Ρ =  -P, <p2Q =  0.

Thus, we have an almost complex distribution (v , J =  <p\V, J2 =  - i j  and φ acts on 2>L as

a null operator. It follows that

ΓΜ =  Χ>0  2>±, ν η ν λ =  {0}.

Assume that T>j is spanned by s globally defined orthonormal vector {ζ,} at each point 

p Є M , 1 < i < s, with its dual set {// } . Then one obtains

φ2 =  - ι + Σ η ι®ξί·
/=1

In the above case, M  is called a globally framed manifold (or simply an /-manifold) ([1], [5] 

and [4]) and we denote its frame structure by Μ (φ, ζ{) . From the above conditions one has

φξί =  0, ηι οφ  =  0, if  (ξ)) =  δ[.

http://www.journals.pu.if.ua/index.php/cmp
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Now we consider Riemannian metric g on M that is compatible with an /-structure such that

g ( fX ,Y )+ g  (X, φΥ) = 0 ,g  (ψΧ, <pY) = g ( X , Y ) - t  n‘ <x ) I і (y ) ’ S Ш і )  =  І  (X ).
i=1

In the above case, we say that M  is a metric /-manifold and its associated structure will be 

denoted by Μ (φ , ξί, η1, g) .

A framed structure Μ (φ, £,) is normal [5] if the torsion tensor Νφ of φ is zero i.e., if

Νφ =  Ν  + 2 Σ ά η ί® ζ ί =  0,
i=1

where N denotes the Nijenhuis tensor field of φ.

Define a 2-form Φ on M by Φ (X, У) =  g (φΧ, Y ), for any X, Y Є Г (TM ). The Levi-Civita 

connection V of a metric /-manifold satisfies the following formula [1]:

2g((\7X(p)Y,Z) =  3d (Χ ,φ Υ ,φ Ζ )-3d (Χ ,Υ ,Ζ)

+  g ( N ( Y ,  Ζ) , ψΧ)  +  Ν } { Υ , Ζ ) η ' ( Χ )

+ 2iЦі (φΥ, X) ці (Ζ) - 2άηΐ (φΖ, X) η> (У),

where the tensor field N2 is defined by

Nf (X, Y) =  ( ΐ φΧη^ Y - ( ΐ φΥη>) X =  2άη’ (φΧ, Y) - 2άη> (φΥ, X ) ,

for each j  Є {1 ,..., s}. Following the terminology introduced by Blair [1], we say that a normal 

metric /-manifold is a K-manifold if its 2-form Φ closed (i.e., άΦ =  0). Since η1 Λ ■ · · Λ ηβ Λ 

Φ” φ 0, a K-manifold is orientable. Furthermore, we say that a K-manifold is a C-manifold if 

each η1 is closed, an S-manifold if άη1 =  άη2 ■ ■ ■ =  άηβ =  Φ.

Note that, if s =  1, namely if M  is an almost contact metric manifold, the condition άΦ — 0 

means that M  is quasi-Sasakian. M  is said a K-contact manifold if άη =  Φ and ξ is Killing.

Falcitelli and Pastore introduced and studied a class of manifolds which is called almost 

Kenmotsu /-manifold [3]. Such manifolds admit an /-structure with s-dimensional paral- 

lelizable kernel. A metric /.pfc-manifold of dimension (2n + s), s > 1, with /.p/c-structure 

(φ,ξί, ril,g ) , is said to be a almost Kenmotsu /.p/c-manifold if the 1-forms //'s are closed 

and άΦ =  2ηι Λ Φ. Several foliations canonically associated with an almost Kenmotsu f.pk- 

manifold are studied and locally conformal almost Kenmotsu /./?/с-manifolds are characterized 

by Falcitelli and Pastore. Ozturk et al. studied almost α-cosymplectic /-manifolds [6].

In this paper we consider a generalization of almost Kenmotsu /-manifolds. We get some 

curvature properties.

Throughout this paper we use the notations η =  η1 + η2 + · · · + rf, ζ =  ζ\ + ξ2 Η---+ £s

and δ{ =  δ} + δ2 Η---+ δ·.

2 A lm o s t K e n m o tsu  /- m a n ifo ld s

Almost Kenmotsu /-manifolds firstly defined and studied by Aktan et al. as mentioned 

below [6].

http://www.journals.pu.if.ua/index.php/cmp


Definition 2.1 ([6]). Let Μ (φ, ζ,, η1 ,g) be (2n + s)-dimensional metric f  -manifold. For each 

η1, 1 < i < s ,  1 -forms and each Φ 2-forms, ϊίάη1 =  0 and άΦ =  2η Λ Φ satisfy, then M  is called 

almost Kenmotsu f-manifold.

Let M be an almost Kenmotsu /-manifold. Since the distribution V is integrable, we have 

ίζ,ηί =  0, [ξί, ζ,] Є V and [Х, ξι] Є V for any X Є Г (V ) . Then the Levi-Civita connection is 

given by

2? ((Vxv) r ,Z ) =  2 ^ ]T (g  (ψΧ, Y) ζ) - ηΙ (У) ψΧ) , z ) + g ( N  (Υ, Ζ ), ψΧ), (1)

for any X, У, Ζ Є Γ (T M ). Putting X =  ζ ι we obtain V ξ.φ =  0 which implies Є and 

then ν ξ.ζί =  ν φ ,  since [ζι, ζ,\ =  0.

We put AjX =  —S7χζί and hj =  - , where L denotes the Lie derivative operator.

Proposition 2.1 ([6]). For any і Є {1 ,... ,s} the tensor field Al is a symmetric operator such 

that

1) А і (ζί) =  0, for any j Є {1 ,..., s},

2) Aj ο φ + φ о Ai =  —2φ,

3) tr(Aj) =  —2n.

Proof. Equality άηι — 0 implies that A,· is symmetric.

1) For any i,j Є { l,... ,s }  deriving g ( £ , · , =  δ[ with respect to l k, using SJф  =  νξ.ζί,

we get 2g (£k, Ai (ζ))) =  0. Since ν ζβ  Є T>±, we conclude A, (f;) =  0.

2) For any Z Є Γ (TM ), we have φ (N (ξί,Ζ)) =  (Ιξ.φ) Z and, on the other hand, since

ν ξιφ =  0,

Ιξ.φ =  AjO(p- (poAj. (2)

One can easily obtain from (2)

AjX =  -φ2Χ - φ/?;Χ. (3)

Applying (1) with Y =  ξ{, we have

2& (ψΑίΧ, Z) =  —2g (φΧ, Z) - g (φΝ (ξί, Ζ ), X ) ,

which implies the desired result.

3) Considering local adapted orthonormal frame {X i,. . . , X„, φΧχ, . . . , φΧ„, ξ\,... £s} , by 

1) and 2), one has

fA i =  t ( S  (AiXj, Xj) +S (A ifX j, ψΧ,)) =  ~2 j r S (φΧ,, <pXj) =  ~2„.
/=1 /=1

□
Proposition 2.2 ([1]). For any і Є {1 ,..., s} the tensor field hi is a symmetric operator and 

satisfies

i) h ίξ] =  0, for any j e { l , . . . , s } ,

ii) hj ο φ + φ o hi =  0,

iii) trhi — 0,

iv) trcphi =  0.

Proposition 2.3. ν φ satisfies the following relation [6]:

(VX(p) Y + (ν ψΧφ) φ Υ = Σ \ ~  (У  (γ ) <ΡΧ + (Χ ' <ΡΥ) й) - Ч1 (Υ) } . (4)
ί=і 4

Proof. By direct computations, we get

φΝ (X , Y) + N (φΧ, Y) -  2 £  ?/г' (X ) htY,
i=l

and

i// (N (< pX ,Y )) = 0 .

From (1) and the equations above, the proof is completed. □

3 A lm o s t  K e n m o ts u  /- m a n ifo ld s  W ith  ζ  B e lo n g in g  t o  th e  (k, μ, v )- N u llity

D is t r ib u t io n

Definition 3.1. Let M  be an almost Kenmotsu f-manifold, κ, μ and v are real constants. We 

say that M  verifies the (κ, μ, v) -nullity condition if and only if for each і Є {1,. . . ,  s } , X , Y Є 

Γ (TM) the following identity holds

R (X, Y) ξί =  k (tj (X) φ2Υ - η (Y) <p2x ) + μ(η  (Y) h{X - η (X) h(Y) 

+ ν (η (Υ )φ ^Χ - η (Χ )φ ^Υ ).
(5)

Lemma 3.1. Let M  be an almost Kenmotsu f-manifold verifiying (κ, μ, v)-nullity condition. 

Then we have:

(;і) /г,· o hj =  o hi for each i,j Є {1 ,2 ,..., s},

(ii) κ < — 1,

(iii) if κ < —1 then, for each і Є {1, 2, . . . ,  s}, ht has eigenvalues 0, ±д/—(κ + 1).

Proof. From (5) it follows that for each X Є Г(ТМ), i,j Є {1 ,2 ,..., s}

Κ(ζί,Χ )ξ ί -φΚ (ζί,φΧ)ξί =  2κφ2Χ.

Using

Щ ,  Χ)ξί - <pR^j, φΧ)ζί =  2 [-φ2Χ + (hi ο hj) X

we obtain

(hi o hj) X =  (k + 1) φ2Χ — (hj o hj) X (6)

and then (i) is verified. Next from (6) we get

h2X =  (k  + 1) φ2Χ, (7)

h}X =  - (κ + 1)Χ, XeT(T>). (8)

Then, using Proposition 2 and (8) we obtain that the eigenvalues of h2 are 0 and — (κ + 1). 

Moreover hj is symmetric: ||/г;Х||2 =  — (κ + 1) ||X||2 . Hence κ < —1. Finally let t be a real 

eigenvalue of hj and X be an eigenvector corresponding to t. Then t2 ||X||2 =  —(κ + 1) ||X||2

and t =  ± s j  — (k  + 1). Taking Proposition 2 into account we get (iii). □



Proposition 3.1. Let M  be an almost Kenmotsu f  -manifold verifying (κ, μ, v)-nullity condition. 

Then

h  =  ■ ■ ■ =  hs. (9)

Proof. If κ =  —1 then from (7) and the symmetry of each h, we have h\ =  ■■■= hs — 0. Let 

now κ < — 1. We fix x Є M  and і Є {1,2, . ,s} . Since h, is symmetric then we have Vx =  

{V+)x Θ ('V-)x, where {V+)x is the eigenspace of /z,· corresponding to the eigenvalue Λ =  

у/—(к + 1) and (D-)x is the eigenspace of /z, corresponding to the eigenvalue —A. If 

X Є Τ>χ then we can write X =  X+ + X-, where X+ Є {V+)x, X_ Є {T>-)x so that 

hjX =  A(X+ + X-). We fix / Є {1,2,.. .,s } , φ  i. Then from (6) we get hjX =  hj(X+ + X _) =  

hj(jhiX+ — jh iX -) =  j  (hjohi) (X+ + X_) =  A(X+ + X-) =  hjX. Taking into account 

Proposition 2 we obtain (9). □

Remark 3.1. Throughout the paper whenever (5) holds we puth  := h\ — ■ ■ · =  hs. Then (5) 

becomes

R (x >γ ) ζί =  κ (η  (X) φΖΥ - η (У) φ2χ ) + μ (η (У) h X - η  (X) hY)

+ v(rf(Y)cphX -η(Χ)φΗΥ) .

Furthermore, using (10), the symmetry properties of the curvature tensor and the symmetry 

of φ2 and h, we get

R fe ,X )Y  =  κ (η(Υ)φ2Χ  - g (x , ψ2γ ) j )  + μ (g (X ,hY) ξ  - Tj(Y)hX)

+ v(g(q>hX,Y^-Ti(Y)<phX).

Remark 3.2. Let M be an almost Kenmotsu f  -manifold verifying (κ, μ, v)-nullity condition, 

with κ ф —1. We denote by T>+ and the n-dimensional distributions of the eigenspaces 

of A =  \J ~{k + 1) and —A, respectively. We have that T>+ and Ό- are mutually orthogonal. 

Moreover, since φ anticommutes with h, we have φ (£>+) =  X>_ and φ (T>-) =  T>+. In other 

words, T>+ is a Legendrian distribution and V- is the conjugate Legendrian distribution of 

V+.

Proposition 3.2. LetM bean almost Kenmotsu f-manifold verifying (κ, μ, v) -nullity condition. 

Then M  is a Kenmotsu f-manifold if and only if κ — —1.

Proof. We observed in the proof of Proposition 3.1 that if κ =  -1 then h — 0. It follows that

(10) reduces to R (X, У) ζί =  η (У) φ2Χ — η (X) φ2Υ. From [2, Proposition 3.4, Theorem 4.3] we 

get the claim. □

4 Pr o p e r t ie s  O f Th e  C u rv a t u re

Let Μ (φ, ζί, η1 ,g) be a (2n + s)-dimensional almost Kenmotsu /-manifold. We consider 

the (1, 1)-tensor fields defined by

hj (·) — Κ··ζ&

for each i,j Є {1 ,..., s} and put Z,· =  Іц.

Lemma 4.1. For each i,j,k Є {1 ,... ,s} the following identities hold:

φ ο Iji ο φ — Iji =  2 hi ο hj — φ2 , (12)

Щ ° Iji =  ο, (13)

№ )  =  ο, (14)

V .̂/z; =  — φ ο Ijj φ (hj + hj) - φ ο hi ο hj, (15)

V̂ ./z,· =  —φ ο Iji — φ — 2hj — cphf. (16)

Proof. Identity (12) is a rewriting of [7, (3.4)]. Formulas (13) and (14) are an immediate conse-

quence of (12). Next from (3) and ηι o (V^./fy) = 0w e  get

Ijj =  (φ + φ2 + φ o ht + φ o hj - hj ο /ζ,-J .

Applying φ to both sides we get

=  {-Ψ ° hj - φ - h i- h j-  φ o hj o hi) ,

from which it follows (15). Finally, identity (16) is (15) when і =  j. □

Remark 4.1. Let M be an almost Kenmotsu f-manifold verifying (κ, μ, v)-nullity condition.

Then for each i,j Є {1 ,..., s} we have

Iji =  —κφ2 + μh + vcph. (17)

It follows that all the Iji's coincide. We put I =  Ijj.

Lemma 4.2. Let M be an almost Kenmotsu f-manifold verifying (κ, μ, v)-nullity condition. 

Then for each і Є {1 ,..., s} , the following identities hold:

V .̂/z =  —μφh + vh — 2 h, (18)

Ιφ — φΐ =  2μhφ + 2vh, (19)

Ιφ + φΙ =  2κφ, (20)

Q& =  2 πκξ. (21)

Proof. From (16), using (17), we obtain (18). Identities (19) and (20) follow directly from (17) 

using ho φ =  —φ o h. For the proof of (21) we fix x Є M  and {E i,.. .,E 2„+S} a local cp- 

basis around x with E2n+1 =  ξι, · · ·, Егп+s =  £s· Then using (11) and trace (h) =  0 we get
2 n 2 n _  2 n _

Q£« -  Σ R&eA- = Σ >cg (<p2Ej, Ε}) ζ =  κ Σ δ ίίζ. □
j=1 j= 1 j=і

Lemma 4.3. Let (Μ, φ, ζί, t]j, g) be а (2n + s) -dimensional almost Kenmotsu f-manifold. Then 

the curvature tensor satisfies the identities

g(RilXY.Z) = t n i ( Z ) g { r 2Y,x) - t ’/;(Y) ? ( l ’2z' X)

M  s M  (22)
+ 1  m (z ) g (9 ф >  x ) ~ t  m (y ) g (ψΦ  x ) + s ((V z# ,·) у - ( v y# ,·) z , x)

7=1 M

and

g {Κξ,χΥ,Ζ) - g (Κξ,ΧψΥ, ψΖ) + g (ΚξίφΧΥ/ ΨΖ ) + g {4φΧΨΥ>Ζ) (23)

=  2g (CVhiX<p) Υ, Z) + 2η (Z) g (htX - φΧ, φΥ) - 2η (У) g (hxX - φΧ, φΖ)

for each і — 1 ,..., s and Χ ,Υ ,Ζ  Є Γ (ΤΜ).



Proof. Using the Riemannian curvature tensor and (8), we obtain (22).

We introduce the operators A and B,·, z Є { 1 ,... ,s } , defined by

A(X, Y, Z ) := 2η (У) g (φΧ, φΖ) - 2η (Z) g (φΧ, φΥ)

and

Bi(X, Y, Z) := -g (φΧ, (Vy (φ o /z,·)) (?Z )) - g (cpX, (Vy (φ o h{)) Z)

- g (X, CVy (φ o hi)) Z )+ g  (X, ( ν φΥ (φ o ht)) (φΖ))

for each Χ ,Υ ,Ζ  Є Г (TM). By a direct computation and using (22) we get that the left hand 

side of (23) equals A(X, Y,Z) + B,(X, Y, Z) - Bt(X, Ζ, Y). Since

7/ φΥ̂ -ί) Z) =  /yy (V ,y  (hjZ)) ,

we can write

Bf(X, У, Z) =  -g (X, (■Vy (φ o hi) Z ))+ g  (X, (φ o ht) (VyZ))

+ g ( M V ^  (q>ohioq>) Z)) +g(X,(<pohi) (V φΥ φΖ))

- S (ψχ > (Vy (φ 0hi0cp)Z))+ g (φΧ, (φ o h{) (Vy (<pZ)))

- g (φΧ, (V φΥ (φ o hi) Ζ)) + g (φΧ, (φ o hj) (V φΥ (hjZ)))

=  —g (X, (Vy<p) (fcfZ)) + * ( Χ Λ ·  ((Vy?») Z )) (24)

+ g (X, (hi ο φ) ( ( ν ψΥφ) Ζ ) )+ 8 (Χ ,φ ( (V φΥφ) (Λ,·Ζ)))

+ i> y ((V ,y fc i) Z )j/;-(X)·
7=1

Moreover, from (3), (4) and Proposition 1 it follows that

(ψ о (У 9х<р)) Y =  ( ν φΧφ2̂  Y - ( ν φχ(ρ) (?У)

=  E  ( ( y 9# ij) Щ  + E  (vi 0 0  ν φΧζ})
7=1 7=1

- ( ν φΧΨ) ( φγ) =  ± ( ( ν φΧ) (§ (ζί,Υ ) ) ζ

i=1

- g ( ν φΧΥ,ζί) ζ·) + £  г/, (У) (<pX - fc/X )

/=i

+ E  V/ 00  hjX + η (У) φΧ + 2g (X, ?У) £ + (V x<p) У.
;'=ι

Hence

(φ ο ( ν ψΧφ ))Υ  =  Σ χ (Χ ,φ Υ ) I, - £ g  (Y'hjX) Si
j=1 /=1

+ 2 E 7 ; (y)<pX+ (Vx<?)y .
;=1

Furthermore, from (4), for each / Є {1 ,..., s} we have

{{'Vf'fhj) Z) =  t/; (V f y (hjZ)) =  (VφΥηί) (hjZ)

=  -g (hjZ,WφΥζί) =  g (hjZ,hiY - φΥ) .

Then, using (24) and (25), we get

B i(X ,y ,Z) =  —g (X, (Vy?) (h{Z)) + g(X,h{ ((Vy?) Ζ)) +2η (Z) g (hiX, φΥ)

+g (hiX, (■Vy?) Z) + η (X) g (У, ?Λ,Ζ) - £  η, (X) g (h{Z, hjY)

7=1

+ E  (X ) S ( №  hjY) + * (X, (Vy?) (fc,.Z)) -  η (X) g (?У, Й, Z)
7=1

= 2 (g (hjX, ( ν γφ) Z) +TJ (Z) g (fr,X, φΥ) - η (X) g (φΥ,Λ ,Ζ)).

Therefore we obtain

A(X, У, Ζ) + Bf(X, У, Ζ) - Β,·(Χ, Ζ, У)

=  2 (ν γφ) (hiX, Ζ) - 2 (ν ζ Φ) (hiX, Y)

+2η (Ζ) g (hiX - φΧ, φΥ) - 2η (Y) g (htX - φΧ, φΖ)

and hence (23) follows. □

Remark 4.2. Let M be an almost Kenmotsu f-manifold. Then from (23) using

(Vfc-χφ) (y,Z) =  - g ((V hix<p) Υ,Ζ) , for each Χ ,Υ ,Ζ  Є Γ (TM ), we get

(VftjX?) Y {ψΚξίψΧΥ - Κζ,φΧΨΥ - ΨΚξ,ΧΨΥ - ΚζίΧΥ)
Δ (26)

+ g (h{X - φΧ, φΥ)ζ + η (У) (<Д Х - <р2х ) .

Lemma 4.4. Let M be an almost Kenmotsu f-manifold verifying (κ, μ, v)-nullity condition. 

Then the following identities hold:

(V x<p)y =  g(cpX + hX, Υ)ζ - η(Υ)(φΧ + hX), (27)

(Vxh)Y - (Vyh)X =  (κ + 1)(η(Υ)φΧ ~ η(Χ)φΥ + 2g(cpX, Υ)ζ)

+ μ(η(Y)φhX-η(X)φhY) + (l-v )(η (Y )hX-η(X )hY ).

Proof. From (26) we obtain

(ν,,χί») Y = -  (κ + 1) g (X, Y) ξ  + (κ + 1) η (У) X + η (Y) fhX  + g (hX, φΥ) ζ.

Here we replace X with hX and by a direct computation, taking into account (3), (7), we get 

(27). From (27), since h and φ2 are self-adjoint, we have

( V X (φ o h)) Y -  (Vy (φ o h)) X =  φ ((Vxh) Y -  (Vyh) X) .

It follows that for each Z Є Γ (TM)

g (Rxvii, Ζ) =  η (Y) g ( У х  + VhX, z )  - η (X) g (φ2Υ + <phY,z )

+ g (p ( (V rl , )X - (V xh )Y ) ,Z ) ,



where we use (5) of [6] and (27). From (29) and the symmetry of h and φ2 it follows that

<p((Vyh) X - (Vx/i) У) =  ϊίχγζί ~η(Υ ) (φ2Χ + φϊιΧ) + η(Χ) (φ2Υ + cphŶ J .

Then, applying φ to both sides of the last identity using (10) and

Vl (CVyft) X - CVxft) У) =  -2 (k + 1) g (φΧ, Y ), l e {  1.......s},

we get (28). □

Theorem 1. Let Z=(M, φ,ζί,η], g) be a (In + s) -dimensional almost Kenmotsu f  -manifold and 

(φ ,ξ ί ,η ^ )  be an almost f-structure on M  obtained by a V-homothetic transformation of 

constant oc. If Z  verities the (κ, μ, v)·-nullity condition for certain real constants (κ ,μ ,ν) then 

[Μ, φ, ξι, rjj, g j verifies the (κ, μ, v)-nullity condition, where

~ κ ~ μ v
κ =  -, μ =  4  v =  -.

ос ос ос

Proof. From (18) and (9) it follows that hi =  · · · =  hs. Then, using (27), by a direct calculation

we get the claim. □

Lemma 4.5. Let M be an almost Kenmotsu f  -manifold verifying the (κ, μ, v)-nullity condition. 

Then

X ,Y e T (V +) ^  V xY eT (V + ), (30)

x ,y  e r (P - )  =» V xy Є Γ(Ζ>_), (31)

X Є Γ (V+), У Є Γ (V-) => VXY Є Γ (V- 0  ker (φ )), (32)

X Є Γ (£>_), У є Г (V+) => V xy Є Γ (Τ>+ 0  ker (φ)). (33)

Proof. From (28) we get g (('Vx/i) φΖ - (VvZh) X, У) =  0, for each X, У, Z Є Г (V+). On the

other hand, since h is symmetric, from Remark 2 we have

g (CVxh) φΖ - (■ν φΖΗ) X, У) =  -2As ( V x (φΖ), У ).

Then

g (<pZ, У ХУ) =  - g (V x (<pZ),Y),

i.e. V xy is normal to V-. Moreover from (3) and Remark 2 it follows that, for each і Є 

{1/ · · · /S}, g (V xy, ζί) =  — g (У, V x£() =  0. Then we have (30). The proof of (31) is analogous. 

If X Є Г (£>+), У Є Γ (V-) then from (30) and Remark 2 we get that for each Z Є Г (T>+) 

g (Vxy, Z) =  — g (У, VXZ) =  0 and then we have (32). Analogously we prove (33). □

Remark 4.3. It follows from (30) and (31) that T>± define two orthogonal totally geodesic 

Legendrian foliations F± on M.

Lemma 4.6. Let M be an almost Kenmotsu f-manifold verifying the (κ, μ, v) -nullity condition. 

Then for each X, У Є Г(ТМ) we have

(Vx/.) У =  (K + 1 )g(<pX, Y ) l - g  (fix ,У) ξ  - η (У) h (X  + Ι,φΧ)

- μη (X) <phY + (v - 2) η (X) hY. ' >

Proof. Let be X, У Є Γ (V ) . From Proposition 2, і) we get g (hjY, £,·) =  0. Taking the derivative 

of this equality of the direction X we obtain

(V x/z) У =  —g (Y,hjX + hjcpx'j ξ].

Then, we write any vector field X on M  as X =  X+ + ηί(Χ)ξ/, X+ denoting positive component 

of X in V, and, using (18) and (8), we have

(■Vxh) Y =  (■Vx+h) У+ + η (У) (■V x+h) ζ + ϊϊ(Χ) {-μφΗ + vh- 2h) У

- g ( υ ,ΗΧ + Η2φΧ) ζ - ή (Υ )  (hX + h2cpX) + η (X) (-μφhY + vhY - 2hY).

□

Remark 4.4. Let M  be an almost Kenmotsu f  -manifold verifying the (κ, μ, v)-nullity condition. 

Then using (27), (34) and (8) we get, for all X, У Є Г(ТМ)

(Vx# )  У = (κ + 1)* (У х , у) ζ +  g (<pX,hY) 1 - n ( Y ) y h X  

+ (κ + 1)η (У) φ2Χ + μη (X) hY + (v - 2) η (X) <phY.

Lemma 4.7. Let M  be an almost Kenmotsu f-manifold verifying the (κ, μ, v) -nullity condition. 

Then for each Χ ,Υ ,Ζ  Є Γ (V) we have

RXYhZ - hRXYZ =  s[k{# (Ζ, φΥ) X - g (Z, <pY) cphX - g (Ζ, φΧ) Y + g (Ζ, φΧ) φΗΥ 

+ g (Z, X) φΥ - g (Z, φΚΧ) φΥ - g (Z, У) φΧ + g (Z, tphY) φΧ}

+ § iz ' (pY )x-g  (z > φΥ) <Phx - g (z / <Px )Y  + g (z / φχ ) <pb y  (36)

- g (Z, hY)X + g (Z, hY) cphX + g (Z, h X )Y - g  (Z, ЙХ) <phY

- g (Z, X) hY + g (Z, X) cpY + g (Z, cphX) h Y - g  (Z, cphX) φΥ 

+ g (Z, Y)hX — g (Z, Y) φ Χ -  g (Z, φ/гУ) /zX + g (Z, <phY) φΧ\.

Proof Let Χ ,Υ ,Ζ  Є Γ(ΤΜ). Then by a direct computation we get

(V XVyh) Z =  (K + l)[g CVXZ, <рУ) ?.+ g (Z, (■ν χφ) У) f  + g (Z, ?  ('У ХУ)) ζ

+ g (Z, φΥ) (- φ 2Χ -  cphX) ] - g (V XZ, hY) ξ - g (Z, (V xfc) У) ζ

- g (Z ,h (V xY))C + g(Z,hY) (<p2X + <p/zX) - g (V xZ ,f) (йу + й2^у )

- g (Z, V x?) (йУ + /г2<рУ) - η (Z) (Vxh) Y -η  (Z) h (V XY)

(k + 1) [η (Z) (V x<p) У + η (Z) (У ХУ)] - μ[§ (У ХУ,?) <p/zZ

- g (У, ν χζ) cphZ -η  (Y) (V X(ph) Z - 7 (У) cph (V XZ)]

+ (v - 2) [g (У ХУ, ̂ )h Z + g  (У, Vx?) ΛΖ + η (У) (V xfc) Z + rj(Y)h (V XZ)],

where we used (34), (8) and the antisymmetry of V x<p. Hence, using the Ricci identity

RxyhZ — hRxyZ =  (V xVyh) Z — (VyVx/z) Z — ( v [x,Y]hj Z,



formulas (34) and (3), the symmetry of Vx (h ο ?), we obtain

R xyhZ  -  ΗΚχγΖ =  (κ  +  1 ) [g [Z, ( V x ? )  Y -  (V y ? )  Χ )ζ  -  g (Z, ?Y ) ( ? 2X  +  cphx'j

+ g (2, <pX) ( ? 2Y + 9hY) ] - g (Z, (Vxfc) У - (Vy/г) X )£  + g (Z, hY) (? 2X + ?fcx)

- g (Z, hX) (? 2Y + ?йу) - g (Z, VxD  (/zY + /z2?y ) + g (Z, Vy?) (/zX + /z2?x )

- η (Z) ((V xfc) У - (Vy/ι) X) + ( k  + 1) j/ (Z) (CVx?) У - (Vy?) X)

+ ИІІ8 (X, Vy£) - g jY , Vx£)) ?/iZ - 7 (У) (V x?/z) Z + 7 (X) (Vy?/z) Ζ]

+ (v - 2) {(g (У, V xD  - g (X, Vy£)) hZ + η (У) (Vx/z) Z — ^  (X) (Vy/z) Z].

(37)

If we take Χ ,Υ ,Ζ  Є Γ (V ) then from (37), using identities (35), (27) and (8), we get (36). □

Lemma 4.8. Let M  be an almost Kenmotsu f-manifold verifying the (κ, μ, v)-nullity condition. 

Then for each Χ ,Υ ,Ζ  є Г(ТМ) we have

ΚχγψΖ - φϋχγΖ =  [κ (tj(Y)g(<pX,Z)-ri(X)g(<pY,Z))

+  μ (ν 00 g  (<phX, Z) — η (X) g (?/гУ, Z)) — v (η (У) g (hX, Z ) - η  (X) g (hY, Z ))]£ 

s[-g (Z, ?У + hY) (? 2X + (phX̂ j -f g (Z, ?X  + hX) ( ? 2Y + ?/ζΥ)

+ g (Z, ?2X + (phX̂ J (?У + hY) - g (z, ?2У + q>hY) (?X + /zX)]

- 7 (Z) [κ (η (У) ?X  - 7 (X) ?Y) + /i (η (У) ?/zX - η (X) ?/zY)

— v (η (У) hX — η (X) /zY)].

Ргоо/. We proceed fixing a point x Є M  and local vector fields X, У, Z such that VX, VY and 

VZ vanish at x. Applying several times (27), using (8) and the symmetry of V ?2, we get in x

V x ((V y ? )Z )- V y ((V x? )Z )

=  [g ((V x?) У - (Vy?) X ,Z ) + g ((V xfc) У - (Vy/z) X,Z)]£s 

x [g (Z, ?X  + ftX) (? 2 Y + ?/zY) - g (Z, ?Y  + hY) ( ? 2 X + ?/zx)

+ g (z, ?2X + ?/ix) (?У + hY) - g (z, ?2У + ?/zY) (?X + ftX)]

- 7 (2) [((Vx?) У - (Vy?) X) + ((V xfc) У - (Vyh) X)].

From the last identity, using ΚχγψΖ - (pRxyZ =  V x (Vy?) Z - Vy (V x?) Z and (28), we 

get the claimed identity. □

Remark 4.5. In particular, from Lemma 9 it follows that for a Kenmotsu f-manifold 

(M, ?,£,·, 77;-,g) the following formula holds, for all Χ,Υ, Z Є Г(ТМ),

RXYcpZ - φΚχγΖ =  (η (X) g (?Y, Z) — η (У) g (?Х , Z))

(Ζ, φΥ) φ2Χ + g (Ζ, φΧ) φ2Υ + g ( ζ ,  ,/ rX j φΥ - g ( ζ ,  φ2γ ) φΧ]

- 7 (Ζ )  (ΟίΟΟ ψ Χ - η (Χ )  ψΥ)}·
' V4*ί V" >:··λ·'·'' . · · · , · :  · ; ν ; ;,/Г-· -Λ.Μ · ■·

Theorem 2. Lei M  be an almost Kenmotsu f-manifold verifying the (κ, μ, v)-nullity condition

with κ < — 1. Then for each X+, У+, Z+ Є Γ (£>+), X_, Y_, Z_ Є Γ (X>-), we have

Κχ_γ_Ζ+ = s (k + 1) [g(?Y_,Z+ )?X_ -g (?X _,Z+ )?y_]

+ sA [g (?Χ-, Z+) У- - g (?У_, Z+) X_],

Κχ+γ+Ζ+ -  s [g (X+/ Z+) У+ - g (Y+, Z+) X+]

+ sA [g (У+, Z+) ?X+ - g (X+, Z+) ?У+],

Rx+Y+Z- =  sA [g (Z_, ?Y+) X+ - g (Z_, ?X +) У+]

+ s (κ + 1) [g (Z_, ?y+) ?X+ - g (Z_, ?X+) <pY+],

Rx+Y-Z- =  —sg (У-, Z_) X+ + s (к+ 1) g (?X+/ Z—) ?У—

+ sA [g (У-, Z_) ?X+ - g (?X+, Z_) У-],

Rx+Y-Z+ =  sg (X+,Z+) Y_ - s (k + l)g  (?Y_,Z+) ?X+

+ sA [g (X+, Z+) ?У- - g (?Υ _,Ζ+) X+],

Rx-Y-Z- =  s [g (X-, Z_) Y_ — g (Y _,Z_) X_]

- sA [g (Y_,Z_) ?X _ - g (X- ,Z_) ?Y_].

Proof First of all, for any X+, У+, Z+ Є V+, applying Lemma 7, we get

AKx+y+Z+ - hRx+Y+Z+ — 2sA2 (g (Z+,Y+) ?X+ -g(Z+ ,X+) ?Y+) 

and by scalar multiplication with W_ Є V-, one has

2A (Kx+y+Z+,W _) =2sA2 (g (Z+,Y+)g (?X +,W _ )- g (Z +,X +)g (?Y +,W _)) 

from which, being A ^O ,

(Rx*rt Z+, W_) =  sA (g (Z+, У+) g (φΧ+, W-) - g (Z+, X+) g (уУ+, W _)). (42)

With a similar argument, for any X+, W+ Є P+ and Y_, Z_ e P-, we also obtain

(KxtY_Z _ ,W +) =  (ic + l ) s ( g ( Z _ ,4;X+) g ( i<y_,W+) - g ( Z ^ ,y _ ) g ( X +,W +)) (43)

and, from (42), by symmetries of the tensor field R, for any X+, У+, W+ Є and Z_ Є P-

(Rx+υ+Ζ-, W+) =  sA (g (Z_, ?У+) g (X+, W+) - g (Z_, ?X+)g (У+, W+) ) . (44)

Next, fixed a local ?-basis {ei,... ,e„, φε\,.. . ,  ?e „ ,£ i,... ,£ s}, with є,- Є T>+ we compute 

Rx+y+Z_. The nullity condition implies g (Rx+y+Z_,£,) =  0, while using the first Bianchi 

identity, (43) and (44), we get

g {Rx+y+Z-,et) =  A s(g(Z_,?Y+)g (X +,i,·) —g (Z _ ,? X +)g(Y+, <?,·)), 

g {Rx+γ+Ζ-, (pej) =  (κ + l)  s (g (<pZ-,X+) g (Y+/ei) -g(<pZ-,Y+)g(X+,ei)),

so that, summing on z, the expression for Κχ+γ+Ζ_ follows.

The terms Rx γ Z+ and ^x+y„Z_ are computed in a similar maner. Now, acting by ?  on 

the formula just proved and using Lemma 10, we get

Rx+γ+φΖ- = S (g (?Y+,Z_) x+ -g (?X+ ,z_) У+)-sA (g (?y+ ,Z_) ?X+ -g (?X+ ,Z_) ?Y+).

Writing this formula for ?Z _, by the compatibility condition, we have the result for Rx+y+Z+. 

Similar computation yields Rx_y _Z-. Analogously, using the third formula and Lemma 10 we 

obtain Ry v Zj-L.. —-- ------------- ------ □
л+ї- + nytHttpbJWmKWf· ііоцюиальмии < ушворси i e
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Now we are able to compute sectional curvature.

Theorem 3. Let M  be an almost Kenmotsu f-manifold verifying the (κ, μ, v)-nullity condition 

with κ < — 1. Then the sectional curvature K of M  is determined by

Κ (X ,«  =  Kg (X, X) + fg  (ΑΧ, X) + vg (φΙ,Χ, X) =  I  * + ^  * *  I  ' (45)

K (X ,Y )
s і/Х ,У єГ>+ ,

s if X, Y e ' D (46)

- s - s (k + 1) (g (X ,?y )) i f  X Є £>+, У Є £>-.

Proo/. Identities (45) follow directly from (5), while identities (46) are consequences of (38), (41) 

and (39) respectively. □

Corollary 4.1. Let M  be an almost Kenmotsu f-manifold verifying the (κ, μ, v)-nullity condi­

tion with κ < — 1. Then the Ricci operator verifies the following identities

Q =  s (- 2) φ2 + μΗ + (2 (η - 1) -f- v) (cpoh) + 2ηκη®ξ, (47)

Qocp — q)oQ =  2s [}ih ο φ + ((n - 1) + v) h]. (48)

Proof. Let {e\, .. .,e n, q>e\,. . . ,  cpen, ξ ι , . . . ,  £s} be a local <p-basis such that {ег, . . . ,  <?„} is a basis 

of V .(_ and let X =  X+ + X_ Є V+ 0  £>_. From (38), (39) and (10) we get

QX+ =  s (—2 + μλ) X+ + s (2Λ (η — 1) -f- v) φΧ+. (49)

On the other hand from (40) and (41) we obtain

QX+ =  s (-2 - μλ) X+ - s (2Λ (n - 1) + v) φΧ+. (50)

Taking into account (49), (50) and Q£,· =  2ηκξ, we get (47). Finally, identity (48) easily follows 

from (47). □

Corollary 4.2. Let M  be an almost Kenmotsu f-manifold verifying the (κ, μ, v)-nullity condi­

tion with κ < — 1. Then the scalar curvature of (M ,g) is constant and verifies the following 

identity

S =  2ns (k (2 — n) — 2n ) . (51)

Proof. Let {e\, .. .,e n, φβι, . . . ,  cpen, ξ ι , . . . ,  £s} be a local <p-basis such that {e\,... ,en} is a basis 

of V+ Then from (38), (39) and (5) we have

g {Qei, ei) =  ksn + μλsn - s (κ + 1) n2 - sn2. (52)

Furthermore, from (40), (41) and (5) we get

g (Qq>e{, cpei) =  ksn - μλ sn - s (κ + 1) n2 - sn2. (53)

Then (52), (53) and (21) yield (51). □

5 E x am p le s

Example 1. Let R2n+S be (2n + s)-dimensional real vector space with standard coordinates 

( * i ,  · · · / %n/ J/i, · · ■ / У ur Z\, · · · / z§) and

M =  {(x i,. . . ,xn,y i, . . . ,ι/η,Ζι,. . . ,zs) |z,· Φ 0, 1 < i < s, n e N, n > 1}

be a (2n + s)-dimensional manifold. For each і =  1 ,..., n and k =  1 ,..., s

X, =  ( - < *  + 1) ± v W l ) 2- ^ . )  A  + ,*  J j .

Y i=  (zi + l±\J(zi + l )2 + e22̂  A ,

*  =  J .
ς' dZj'

is a basis of M.

Then, for each i,j =  l , . . . , n  and k =  \,...,swe obtain

[X,,V,·] =  i*  (2zf + 3 + 2**') [Y,·, Yy] =  0,

[Xi.fi] -  ( ^ і  + З + ге2*·) 3^  ez’to(, [Yj,f<] (2z,-+ 1 + 2e2z')

[Xi, X/] =  -«* (2z, + 3 - 2 ^ ·)  A  + (2z, + 3 - 2 ^ )  A .

0
I/ we take η і =  — , we gei

Ο

g = E  ---------Γ 1 2---- + ------------ Γ — + Ε ^ ζ/'
'=1 V (ζ,· + 1) + V (ζ,· + 1) + Є22' (Ζί + 1) + V  (2/ + 1) + ^22ί /  =̂1

a \ a
’/

a \ a ez'

Зуі)  дхі 2 (Zf + 1) ± У  (22/ + 2)2 + 4e2z-' θζ
φ

Then, we have an almost metric f-structure (q>^j,t]i,g) on M. On the other hand, for each 

і =  I , . . . ,s we obtain άηί =  0. Moreover

φ  ,=  ґ ±  _________________________________ I_______________________________ 7

g V9X/ <pbyi )  (z. + 1)± ^/(Z. + 1)2 + ^  (̂z,· + 1) + ^ (ζ, + l)2 + e2z<)

and for each i,j =  1 ,..., s Ф/; =  0. Then we gei

φ " : = ? ΐ , έ ' ^ )  =

(z,· + 1) ± ^/(Zi + l f  + e2* ^  ^(zf + 1) + ^/(zi + l f  + e ^

dxi Λ rfi/z,



and

άφ =  2 Σ  dzj A ( Σ  dxi Λ d\ji J =  2η Λ Φ. 
j= 1 \i=l /

Since the Nijenhuis torsion tensor of this manifold is not equal to zero and in view of this

expression we get an almost Kenmotsu f-manifold.

Example 2. Let R2n+S be (2n + s)-dimensional real vector space with standard coordinates 

(*1/· · · / Xn, y\, · · ·, У nr 2-і/ · · · , Zg) and

M  . . . ,  Xn, у I, . . . ,  уп, Z\,. . . ,  Zg) | z ; · 0, 1 < i < s, ii 6 Л/, n > 1}

be a (2n + s)-dimensional manifold. For each і — I , . . . ,  n and k =  \,...,s

X i=  ( - l ± v T  + ? S ) ± + 2j i . ,

f - = -  
ς' az,·'

is a basis of M.

Then, for each i,j =  l , . . . , n  and k =  1,..., s, we obtain

[X,,Y7] =  2 z f ^ ,  [Vi, 4 = 0 ,

1у" й  =  ±2с2і,¥ '

J/ we faice n,· =  — , we eef 
dz,· σ

, §  ( l±  + 1 ± V l+ e 22̂ ' )  + ,5 rfZ/'

Λ=α * (έ )=-4 '
д \ d z? 5

д у і) dxj 2 ± \/4 + 4e2z' dz,·

Then, we have a mefric f-structure (φ, gy, //„ g) on M. On the other hand, for each і =  l , . . . ,s  

we obtain ii//, =  0. Moreover

i  д d

\дхі Ьуі) (-1 ± (l ± vT

and for each i,j =  l , . . . ,s  Ф,у =  0. Then we get

л _  f  3 3 A 1
" ^ і ) _  ~7----- Г" x /---- ; v άχ,· A dyi,

V і Уі) 1 ± \/l + e2zi^ ^1 ± \/l +

and

#  =  2 Е 1І2/Л  E  dxi A dyi J =  2rf А Ф.
/=1 V«=1 /

Since the Nijenhuis torsion tensor of this manifold is equal to 0 and in view of these expres­

sions we get a Kenmotsu f-manifold.
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В статті розглядаються узагальнення майже Кенмотсу /-многовидів. Отримано основні 

властивості Ріманової кривизни, секційних кривин і скалярної кривизни для таких типів мно­

говидів. Насамкінець наведено два приклади.
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Let TP denote the p-dimensional torus (R/2nZ)P, T > 0, Q? — (0, T) x TP,

Пп =  {Л =  (Aj.......A„) Є C" : А,- φ A i f f  φ j], Dx =  (~ід/дхг........-ід/дхр),

k =  (,k\, . . . ,kp) e Z  P, \k\ =  \k\ | + ... + \kp\; B(DX) is differential expression such that

3N\,N2 e R , С\,Сг > 0 : (V keZP ) C i(l + \k\)N' < \B(k)\ < C2(l + \k\)N*. (1)

We use the following functional spaces: Hq =  Hq(TP), q e R , is Sobolev space obtained by 

completing the space of all finite trigonometric polynomials

<P(X) =  exp(z'/c, x) 
k

by the norm

I k ; ^ I I  =  ( Σ ( i  + W T l ^ l 2)  ·
\keZP )

Let us denote by Cg([0, T]; H q), n Є Z+, Θ Є R , space of functions

u(t,x) =  ^  uk(t) exp(ik, x)
keZP

such that for any fixed point t Є [0, T] function

dhi(t, x)/ dt> =  Σ  u'-p(t) exp(ik, x)
ke ZP

belong to the space H (?_y0, j  =  0 ,1 ,.. . ,n, and it, as an element of this space, is continuous in t 

on [0, T]; the norm in СЦ([0, T]; H^) is defined as follows

||U;CS([0,T];H,)|p =  £  max ||yB(i,i)/3 (< ;H ,^||2.
y=ot€l0'Ti

©  Vasylyshyn P.B., Savka I.Ya., Klyus I.S., 2015

In the domain Qp we consider the following problem:

L(d/dt, Dx)u =  Щ І  - AjB (Ωχή  u(t, x) =  0, (t, x) Є QTp, (2)

i-1,/ x d1 l u(t,x) . . .
LjU =  Σ Μ τ )  dtj\ ^  =  φ;(χ), x Є ΊΡ, j =  Ι ,. , . ,η , (3)

where (Ai,. . . ,  An) Є ІІ„, the real-valued coefficients }i\,. . . , μ,η depend on parameters т, т Є 

I, where 1 is an arbitrary fixed segment of the line R, t\,.. .  , tm are the points of the interval 

[0, T], and 0 =  fi < t2 <  . . .  < tm—\ < tm =  T.

Solvability of boundary value problems with multipoint nonlocal conditions for parabolic, 

strictly hyperbolic, typeless and pseudodifferential equations studied in works [1-4,6-10].

The problem (2), (3) belong to a class of incorrect problems by Hadamard and its solvabil­

ity related to the problem of small denominators. In the assumption when the coefficients 

μ ι , .. . , μ,η are independent correct solvability of the problem (2), (3) follows from the results 

of [10, §14]. If the coefficients μ ι , . . ., μ,η are dependent, then these results will not be used to 

proving solvability of the problem (2), (3). It shoud be noted that two-point nonlocal problem 

for partial differential equation of the n-th order with conditions (3) was investigated in [11] 

for the case of two-point nonlocal conditions (m =  2).

In the paper we found that the conditions of correct solvability of the multipoint nonlo­

cal problem (2), (3) in the scale of Sobolev spaces are fulfilled for almost all (with respect to 

Lebesgue measure in the space R) numbers τ Є I.

The solution u to the problem (2), (3) has the form of a Fourier series

u{t,x )=  £  uk(t)exp(ik,x), (4)
fceZP

where function Mfc(f), k Є ZP, is a solution of multipoint nonlocal problem of ordinary differ­

ential equations:

L(d/dt,k)uk(t) =  0, (5)

LjUk(t) =  cpjk, j  =  Ι , . , . ,η .  (6)

Here, <pjk are Fourier coefficients of the function (pj(x), j  =  1 ,... ,n.

For each fixed k Є Z? let us construct a solution to problem (5), (6). Since the (Aj,. . . ,  A„) Є 

П п and coefficients B(k) satisfy the condition (1), the equation (5) for each k Є ZP has the fun­

damental system of solutions {eAiB(fc)f, . . . ,  eKB(k)ty х^еп the general solution of the equation 

(5) has the form

Mfc(0 =  clfcexp(AiB(fc)£) + ... + cnk exp(AnB(k)t),

where constants cik, . . . ,  cnk are determined from conditions (6) with the help of the system of 

linear equations

_1 rn m

c\k̂ i Σ  M T) exp(Ai B(k)tr) + c2k λ;2 Σ  μΤ{τ) exp (A 2B(k)tr)
r= i r= i (7)

m v '
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Determinant of the system (7) is factorized and represented by the formula

Δ ϋ ( τ )  =  W ( A )  Π  « л М ,

s=1

where
m

фзк(т) =  E M r )e x p (A sB(/c)fr),
r=1

W'(A) =  Π  (Aa — A«) is Vandermonde determinant constructed from different numbers
1<α<β<η

Ai,...,A„, hense W(A) φ 0.

If Π  Φ5*(τ) 7- 0, then
s=1

=  w w b w  5  =  1 ....................

Here we denote by W/s( A) the Vandermonde-type determinant obtained from the determinant 

W(A) by crossing out /-row and s-column.
П

Thus, the solution to the problem (5), (6) under the condition Π  Φ ^ (τ ) Φ 0 is unique and
s= l

has the following form

» (—l) s+iWis(X)Bl~i(k) 
uk(t) =  Д  --- νν(λ)Φ4ΐί(τ)---- ^ exP(ASB(.k)t), k e ZP. (8)

Conditions for uniqueness of the solution u of the problem (2), (3) follows from the theorem 

on uniqueness of Fourier expansion of a periodic function and from conditions of uniqueness 

of the solution uk(t) of the problem (5), (6) for each k Є ZP.

Theorem 1. For uniqueness (at fixed parameter τ) of the solution of the problem (2), (3) in the 

space Cq ([0, Τ]; Η?) itis necessary and sufficient that for all k Є ZP

Φι*(τ)Φ2* (τ )·.. . ·Φ „*(τ ) φ 0. (9)

If the condition (9) holds, then the formal solution of the problem (2), (3) is represented by 

the formula

U ( t ' X ) = L · ‘ в д ц т )  ' ( * V e x p ( A , B ( < : ) i  +  ( i M ) .  ( 1 0 )

Expressions Φι/ό(^)/Φ2Α:(τ)/ · · · / Фnk(r ) influence the convergence of the series (10), which 

determines the norm of the solution of the problem (2), (3) in the space C$ ([0, T]; Hq). This 

is explained by the fact that the denominators Фц(т), Φ 2̂ (τ),. . . , Фпк(т), к Є ZP, although 

non vanishing by the condition above, can arbitrarily rapidly approach to zero for infinite set 

of vectors k e ZP. Therefore, the existence of the solution u of the problem related to the so 

called problem of small denominators.

To solve this problem we use the metric approach [5] to estimations from below of small 

denominators.

At first, we formulate the corresponding theorem from the work [12].

Theorem 2. Let

F(T,Z) =  /ΐ(τ)Ζι + . . . + fm(r)zm,

wherez -  (z i , . . . ,z ra) Є C m,and  { }  C Cm(I;lR). If  the Wronskian W [/i,.. . , f m] of 

the functions fm is not equal to zero on the interval i C R , then for all z Є  Сш \ {0} and

an arbitrary ε Є (0, Ci |z| /2), the following evaluation is valid

meas{r Є i  : |F(t,z)| < ε} < C2 '""γ/ε/\z\, 

where \z\ =  \z\ I 4-... + \zm |, positive constants C\ and C2 are defined by formulas

1 , m m . -1

=  |^[/і,· · .,/m] (O| ( Γ Ί  II/) llc("'-1)(i;IR) E  ll/jf II c(«-i) (/;]R)) '

C2 =  4(\/2 + l)(rn - l)C 1m/(1-m) ( meas I max |\fjq) | |C(7;R) + Q ) .

Theorem 3. If }ir Є Cm(I), r =  1 ,..., m, and Wronskian ]Ν[μ\,.. . ,  цт\ of functions μ ι , . . . , μ,η 

is not equal to zero on the interval I, then for almost all (with respect to Lebesgue measure in 

the space R) numbers τ Є I evaluations

|φ5*(τ )| > |/c|~7max (l,exp(ReAsB(fc)T)), s =  l , . . . ,n ,  (11)

are satisfied for all (exceptperhaps a finite number) vectors k Є ZP for 7 > p(m — 1).

Proof. For fixed s we introduce the sets

Bsk =  {τ Є I: |Φ«*(τ)| < єк}, k є ZP,

and the set Bs of such points τ Є I, for which infinite times on Ζ P the estimate is true

|Φδ*(τ)| < — max (l,exp(ReAsB(fc)T)), δ > 0.

If z(s,k) =  (eAsBM fi , .. . ,eAsB(fc)fm), f j(τ) =  μ/(τ) for j  — 1, . . .  ,m, then from Theorem 2 

follow the equalities:

F(T,z(s,k)) =  Фвк(т), W [ / i,...,/m] = ν ί[μ1, . . . , μ Μ\.

Since

\z(s,k)\ =  1 + |eAsB(fc)i2 j |gAsB(fc)tm_i| _|_ _|_|eAsB(fc)T| > max ^  exp (ReAs В (/c)T))

for all k Є ZP \ {0} and the inequalities are fulfilled

0 < £k < у  max (l,exp(ReAsB(fc)T)) < ^\z(s,k)\

then for each k φ 0 by conditions of Theorem 2 we have the following estimation for the 

measure Bsk

measB{ < C2 ek/\z(s,k)\ < С3|*Г'),/(т-1), C3 =  C ^ ) 1̂ " '” ^



For selected 7 >p (m  — 1) series Σ measBsk is majorized by the convergent series
keZP\{0}

C3 X] \k\~s/(P~i '>. Then from the Borel-Cantelli lemma follows that Lebesgue measure of
k€ ZP

the set of points r  from I, which contained into the infinite number of sets Bsk, is equal to zero 

for fixed s. Thus, meas Bs =  0 for all s =  1, . . . ,  n.

Therefore, when 7 > p(m — 1) for almost all (with respect to Lebesgue measure in R) num­

bers т е /  inequality |Ф^(т)| > гк, s — 1 ,. .., n, is satisfied for all (except for a finite number 

of) vectors k. The theorem is proved. □

Theorem 4. Let the condition (9) is valid, m in \Щц\,.. . ,  цт] (τ ) | > 0, μτ Є Ст (І), r =  1 ,. . . ,  m,
т Є/

and cpj Є H(?+Ni(-1„yj+7/ where 7 > p(m — 1), j  =  1 ,n. Then for almost all (with respect to 

Lebesgue measure in the space R) numbers τ Є I there exists a unique solution of the problem

(2), (3) in the space C^2([0,T];Hq), which is represented by a series (10) and continuously 

depends on the functions <pj, j  =  1, . . . ,  n.

Proof Taking into account, that

W/s(A)
<  M l7 =  Μ ι (λ ),

W(A)

on the basis of formula (10) and estimations (1), (11) we obtain the inequality

||«; CJb([0, Γ]; Η ,) ||2 <  M2 £  ||φμ Η ,+Τ+Ν|(1_„ f ,

M

where M2 =  2N̂ n+̂ n3(n + l)M\C\n\\\2n, |A| =  max |AS|. The proof of the theorem is
1 <s<n

complete. □
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НЕПЕРЕРВНО-АИФЕРЕНЦІЙОВНІ РОЗВ'ЯЗКИ ОДНІЄЇ ГРАНИЧНОЇ ЗАДАЧІ 

ДЛЯ СИСТЕМ ЛІНІЙНИХ ДИФЕРЕНЦІАЛЬНО-РІЗНИЦЕВИХ РІВНЯНЬ 

НЕЙТРАЛЬНОГО ТИПУ ТА ЇХ ВЛАСТИВОСТІ

Встановлено достатні умови існування неперервно-диференційовних і обмежених при t Є 

К+ розв'язків однієї граничної задачі для систем лінійних диференціально-різницевих рів­

нянь нейтрального типу зі скінченною кількістю постійних відхилень аргументу, запропоно­

вано метод їх побудови та досліджено асимптотичні властивості таких розв'язків.

Ключові слова і фрази: неперервно-диференційовний обмежений розв'язок, гранична зада­
ча, система лінійних диференціально-різницевих рівнянь нейтрального типу.

Volodymyr Gnatiuk Ternopil National Pedagogical University, 2 Kryvonosa str., 46027, Ternopil, Ukraine 
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У даній статті розглядається система рівнянь вигляду

k к 
x'(t + 1) =  Ax'(t) + £  Am(t)x(t + Ctm) + Σ  + βτη) + F(t), (1)

m= 1 m = l

де A — стала (n x п)-матриця, Am(t), Bm(t), m — 1 — неперервні при

t Є 1R+ =  [Ο,+οο) (η χ н)-матриці, ост > 0, β,η > 0, m — 1 F(t) — неперервна при 

t Є 1R+ вектор-функція розмірності п. Зауважимо, що системи вигляду

*'(£ + 1) =  Ах! (t) + F(t, x(t), x(f(t)), x' (g{t))), (2)

були предметом розгляду багатьох математиків [1, 2]. При цьому, як правило, вивчали­

ся задачі, які характерні для звичайних диференціальних рівнянь — існування і єдиність 

розв'язків задачі Коші, основної початкової задачі, різного роду крайових задач. Але при 

дослідженні таких рівнянь дуже часто виникає необхідність в дослідженні задач, які вра­

ховують їх специфіку. Одна із таких задач полягає в дослідженні питання про існування 

неперервно-диференційовних при t Є R + розв'язків систем (2), які задовольняють умову

 ̂lim [x(t + 1) - Ax(t)] =  0. (3)

Зокрема, в [3, 4] у випадку коли А =  Е та [5] при det А Ф 0 вивчалася структура множини 

неперервно-диференційовних при t Є ]R+ розв'язків граничної задачі (2), (3).

В даній роботі досліджується питання існування неперервно-диференційовних і об­

межених при t Є IR+ розв'язків задачі (1), (3) у випадку, коли виконуються наступні умо­

ви:

©  Вельгач А.В., 2015

+оо

1) /  F(r)dr < М, IF(t) І < М, де М — деяка додатна стала, t Є  R +,
t

+со +00

J  \Αη(τ)\άτ < cim, |Am(f)| < um, J  |Бт (т)|гіт < bm, |Bm(f)| < bm, 
t t

m =  1 , k, t Є R +;

2) μ - 1! < i, δ  =  ■ j n 4 zTr( E Um + E  bm) < L
1 \A  І Чш=1 m = 1

Для розв'язання задачі (1), (3) достатньо, очевидно, довести, що система інтегральних 

рівнянь

+ ° °  к к
x(t + 1) =  Ax(t) — ί  ( Е  Ат(т)х(т + 0Ст) + Е  Вт(Т)х'(г + βηι) + Ρ(τ) ) ^ τ (4)

j  m=l m=1

має неперервно-диференційовний при t Є 1R+ розв'язок.

Покажемо, що система (4) має розв'язок у вигляді ряду

* (0  =  Е  *<(*)/ (5)
і=0

де X j ( t ) ,  і =  0 , 1,..., — деякі неперервно-диференційовні при t Є  1R+ вектор-функції. 

Дійсно, підставляючи ряд (5) в (4), отримуємо

+оо
συ «л/ Г /

Ε χ ,· ( ί  + 1) =  Л Е * ; ( 0 -  /  ( Е  Л т ( т ) ^ Х і ( т  + ост ) 
і= 0 i= 0  [ m = 1 1=0

к оо .

Е  β"'(τ) Σ χ,ί(τ + β™) + Γ(τη άτ·
m=1 і=0

Звідси безпосередньо випливає, що якщо вектор-функції Xi(t), і =  0,1,..., є розв'язками 

послідовності систем рівнянь

+00

xo(t + 1) =  Ax0(t) - ί  Ρ(τ)άτ, (6)

k k

X i ( t  +  l )  =  A X i ( t ) -  [  (  E  А т ( т ) х і ^ ( т  +  ocm ) +  E  B m ( T ) * i- l ( T  +  ^ m ) ) d T ,  

\ m=l m=1

i =  1 , 2 , . . . ,

то ряд (5) є формальним розв'язком системи рівнянь (4).

Система рівнянь (6) має формальний розв'язок у вигляді ряду

http://www.journals.pu.if.ua/index.php/cnip
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який внаслідок умов 1), 2) рівномірно збігається при t Є R + разом із своєю похідною і 

виконуються умови

М О Ї  < Я  14(01 < Я  (9)

де M  =  Оскільки при і =  1,2,... ряди

+Г /  к к
* і(0  =  Σ Λ ~(/+1) /  ( Σ  4 ( т ) ї і - і ( т  + ам)+  £  β?«(τ)χ·_1(τ + βηι)\άτ, (10)

j=0 f“_;· m=l ш=1 '

є формальними розв'язками відповідних систем рівнянь (7) (в цьому можна переконати­

ся безпосередньою підстановкою (10) в (7)), то залишається показати, що вони рівномірно 

збігаються при t Є 1R+ разом із своїми похідними і виконуються оцінки:

|χ,·(ί)| < МА>, |χ·(ί)| < ΜΔΙ, і =  1 ,2 ,.... (11)

Справді, при і =  1 маємо

00 +Г°/ к к
М О Ї ^  Е\А^\І+1 ( Σ  |Ат(т)||х0(т + ат)| + Σ  \Вт (т)\\х'0(т + β,η)\)άτ

І=0 t+j m=l m=1

оо k +0° k +0°

<  Λ Ϊ Ε Ι Λ _ 1 Ι;+1( Σ  /  І Α >η(τ)\άτ + Σ  /  \Β>η(τ)\άτ)
7=0 m=l m=1 , , ■

\А

- І І

1  - | Л - - 1

t+j 
k k

ΜΔ,

M (0 l <  Е И -11'
H>

k k

Σ  l-^m(i + /)l |*0 (̂  + / + Лш) I + Σ  \Bm{t + j) 11*0 (̂  + У + βί
m=1 m=l

k k

<м £ и _1 і/+1 (Σ a>" + Σ b»‘) <  Μ Δ
7=0 m=l m=l

і, отже, оцінки (11) мають місце. Розмірковуючи по індукції, припустимо, що оцінка (11) 

доведена уже для деякого і > 1, і покажемо, що вона зберігається для і + 1. Дійсно, на 

підставі (10), (11) і умов 1), 2) отримуємо

к к 

| х і+ і ( 0 І < Е И  Ί /+1 /  ( Σ  |Λ»/(τ )Ι|χ«(τ + ocm)\ + Σ \Βιη(τ)\\χ'(τ + β,η)\)άτ
j=0 J m — 1 --1

t+j

оо _  k +Г° k +0°
< Ε Η _1 Ι'+1μ δ ' ' ( £  /  μ „ (τ )| < ί τ + £  /  |в „ ( т )|і т )

Μ  m-1 /+j m=l J+j

- Μ Δ 'τ ζ τ τ τ τ ( Σ ° »  + έ 1’" ) ί  Μ Δ '+1>

t+j 
k k

m=\ m=l

/ κ 
Ι*ί+ι(0Ι <  Е И Г Ч Е  ІА « ( (+ Л ІМ < + /+ * „ )|  + Е  ів .» (< + ;)ІН (< + і+ М і)

7=0 ■— 1 - - '

4-1

и-
< м а ‘г 4 д ‘1 і і( Е  а"+  Е »») £  ώ Δ '+1·

ш=1 т=1

Отже, системи рівнянь (7), і =  0,1,..., мають неперервно-диференційовні при 

t Є 1R+ розв'язки Х;(£), і =  0,1,..., у вигляді рядів (10), і =  0,1,..., які рівномірно збі­

гаються при всіх t Є 1R+, і задовольняють умови (11), і =  0,1, —  Звідси і умови 2) безпосе­

редньо випливає, що ряд (5) (разом із своєю першою похідною) рівномірно збігається при 

всіх t Є Ж+, його сума x(t) є неперервно-диференційовним розв'язком системи рівнянь 

(4) і задовольняє умови

| * ( 0 1 < ^ ,  1*401 <  γ=τ·
Покажемо тепер, що побудований у вигляді ряду (5) розв'язок х(£) системи рівнянь (4) 

є єдиним при виконанні умов 1), 2). Дійсно, припустимо, що існує ще один неперервно- 

диференційовний обмежений при t Є R + розв'язок y(t) такий, що y(t) ф x(t). Тоді із 

тотожностей

+°° k k
x(f + l)  =  Ax(t) - ί ( Σ Ат(т)х(т + ит) + Σ Β,„(τ)χ'(τ +βη,) + F ( t )W ,

1 m=\ m= 1

k k
y(f + 1) =  Ay(t) - f  Ат{т)у(т + ocm) + Σ Bm(T)y'(r + ^m) + f(T ))iir

\ m=l m=1

і умов 1), 2) отримуємо

+ 0 0  k

\x(t)-y(t)I < |A-1||x(f + l ) - y ( f  + l)| + |A-1| ί  ( Σ  |Аш(т)||х(т + лт) - у(т + лт)\
{ т = 1

+ Σ  \Вт(т)\\х'(τ + ост) - γ ( τ  + β„)\)άτ
т=1

<  \А ! | ||х( 0 - y (i) ll + \А ^ ( Σ  ат+ Σ bm)\\x(t) - y(t)\\
т = 1 /и=1

= (|А"Ч + Δ (1 - |Α"4))||ϊ(ί) - y(t)II =  Δ'||ϊ(ί) - y(0H,

k

E
'm=1

£  |В т (0 ІІ^(^  + а т ) - / ( i  + jS m ) !)^

Іх ,(0  ~ уЧОІ - 1·^ 1ΙΙχ/(ί + 1) _  y;(f + i)l + И  αΙ ( Σ  И '«(0 ΙΙχ(ί + «m) - y(i +

k

Σ
m= 1

< |л 1|||x(0  -y(f)ll + И  11( Σ  Σ  ь«)ІІ* (0  — у(0 II
m=1 m= 1

=  ( И _1 і + а ( і - |A-1|))||x(i)-y(i)ll = Д 'Н 0 - у ( 0 І І /

де ||χ(ί) — y(f)|| =  ^йх| sup Ix(t) — y(0|/ SUP Ιχ/(0 — y,(i) I f/0 < Δ' < 1. Звідси випливає
Чє R+ feR+ J

IIx(f) — у(i)ll < Δ'||χ(ί) — y(i)||, що є можливим лише у вішадку, коли х ξ  у. Отже, отри­

мане протиріччя показує, що побудований вище неперервно-диференційовний обмеже­

ний при t Є R + розв'язок x(t) у вигляді ряду (5) є єдиним при виконанні умов 1), 2). 

Підсумовуючи наведені вище результати, приходимо до наступної теореми.



Теорема 1. Нехай виконуються умови 1), 2). Тоаі система рівнянь (4) має єдиний непе­

рервно-диференційовний обмежений при t Є ]R+ розв'язок x(t) у  вигляді ряду (5), в 

якому вектор-функції Xi(t), і =  0 ,1 ,..., визначаються формулами (10), і =  ОД,. . . .

Розглянемо тепер систему рівнянь вигляду (1) у випадку, коли виконуються умови:

_ СО . +°° _ оо

3) РядиР(£) =  Σ |Л-1Р’+1 f  \F(r)\dT , F'(t) =  £  \A~l \i+1\F(t + j)\ рівномірно збі-
/=0 t+j ;'=0

гаються при всіх t Є IR+ i F(t) < P, F'(t) < P, P > 0;

4) |Am(i)| < a m(t), \Bm(t)\ < b m(t),m =  l , . . . ,k , £  am(t) =  a(t),
m=1

k

Σ bm(t) =  b(t), де am(t), bm[t), m =  1,... Д, — деякі неперервні при t Є R +, невід'-
m =l

ємні функції такі, що

+оо

' <  0 <  1,

ОО

Е І Л _1І;+1 /  (я(т) + ь(т))л 
·/

'= ° *+/ 
оо

Е И -1І/+1(я (* + /) + К * + ;))  <  0 <  і .
м

Як і раніше будемо досліджувати питання про існування неперервно-диференційовних 

при t Є IR+ розв'язків, що задовольняють умову (3). Для цього, очевидно, достатньо ви­

вчити це питання для системи інтегральних рівнянь (4). Має місце наступна теорема.

Теорема 2. Нехай виконуються умови 3), 4). Тоді система рівнянь (4) має неперервно-ди­

ференційовний обмежений при t Є IR+ розв'язок x(t).

Аоведення. Покажемо, що при виконанні умов 3), 4) система рівнянь (4) має неперервно- 

диференційовний обмежений при t Є ]R+ розв'язок x(f) у вигляді ряду

оо

χ(ή =  Σ χ ί(ή , (12)
і= 0

де Xi(t), і =  0,1,..., — деякі неперервно-диференційовні обмежені при t Є IR+ вектор- 

функції. Дійсно, підставляючи ряд (12) у (4), одержимо

00 оо +Г° / k 00

Ε * ί ( * + ι ) =  Α Σ *ί(* )~  / ( Е  Λ'«(τ ) Σ χί(τ +^η)
ί=0 г=0 -j m= 1 г=0

k оо

+ Σ Μ τ) Ε * ί ( τ + βη) + Ρ(τ))άτ,
ш=1 г=0

звідки приходимо до висновку, що якщо вектор-функції Xi(t), і =  0 ,1 ,..., є розв'язками 

послідовності систем рівнянь

+оо

xo(t + 1) =  Axo(t) - J  F(j)dT, (13)

+°° k k

Xi(t + 1) =  Axi(t) - ί  (Σ Ат(т)хі-і(т + am) + Σ Β„(τ)%-ι(τ +βΜ))άτ,
Ί m = l m= 1 U 4 ;

i =  l / 2 , . . . ,

то ряд (12) є формальним розв'язком системи (4). Згідно умови 3) ряди

+ 00
ОО «

хо(0  =  Е ^ (/+1) /  F(T)dT'

М  t+j (15)
ОО

?o(f) =  - £ A - U +l>F(t + i)
1=0

рівномірно збігаються при всіх t Є 1R+, вектор-функція Хо(0 задовольняє систему рів­

нянь (13) (в цьому можна переконатися безпосередньою підстановкою (15) в (13)) і умови

і*о( О І < р , (16)

1*0(01 <  Р- (17)

Розглядаючи послідовно системи рівнянь (14), і =  1 ,2 ,..., можна переконатися, що

ряди

i{t) — ΣΑ (;+1) /  ( Σ ΑΜ(τ)χί-ι(τ + am) + Ε  Μ Ό * ί _ ι ( τ  + jSw) W
/=0 . I ; »1=1 Μ = 1

X i[ t)  =

t+j

і =  1,2.......

(18)

є формальними розв'язками відповідних систем рівнянь (14), і =  1,2,--Доведемо, що

ці ряди рівномірно збігаються при t Є 1R+ до деяких вектор-функцій Xj(t), і =  1,2,..., 

які є неперервно-диференційовними і задовольняють умови

\xi(t)\ < Ρθι, і =  1,2....... (19)

13(01 <Ρθ ι, і =  1, 2, . . . .  (20)

Дійсно, на підставі умови 4), (18), (16) і (17) отримуємо

+0° k k

М О Ї < E l Л 1|;+1 І  ( Ε  \Απι(τ)\\χ0(τ + ост)\ + Ε  \вт(г)\\Ґ0(т + βη)\)άτ
j = 0 t+ - т = 1 m=1

+~

< Р Е И _1|;+1 / (я(т) + b(T))d
n J

j =0 t+j

тобто в цьому випадку оцінка (19) має місце. Оскільки згідно 4) ряд

оо k k .

E  А (,+1) у E  Am(t + j)Xo(t + j  + 0Lm) + E  i)*o(t + j  + ^m)J
j = 0 m = l m =l

рівномірно збігається при всіх ί Є ]R+, то вектор-функція Х\ ( t ) є неперервно-диференці- 

йовною при t Є R + і має місце оцінка (20).



Розмірковуючи по індукції, припустимо, що співвідношення (19), (20) доведені уже 

для деякого і > 1, і доведемо, що вони зберігаються при переході від і до і + 1. Справді, 

внаслідок (18), (19), (20) і умови 4) отримуємо

+о° к
Г/  \

f<+i(OI < Е И _1І/+1 / ( Е  \Лт(т)\\хі(т + ост)\ + Е  \вт(т)\\х'і (т + βη,)\)άτ
/=0 tJ+j m=1 m=1

+00

< Ρ 0 Έ Η _1Ρ+1 /  (e(r) + b(r))rfr

' =0 t+j

Вектор-функція x;+i (ί) e неперервно-диференційовною при t Є R + і виконується оцінка 

(20). Це випливає із 4), (19), (20) і рівномірної збіжності ряду

оо k к

L A {i+1){ E Am(t + j)xi(t + j  + am)+ E  Bm(t + /)xj(i + j  4- β,,,Λ.
j= 0 m=1 ш=1

Отже, оцінки (19), (20) мають місце при всіх і > 1. Звідси безпосередньо випливає, що ряд

(12) рівномірно збігається при t Є IR+ до деякої неперервно-диференційовної вектор- 

функції x(t), яка є розв'язком системи рівнянь (4) і задовольняє умову

|*(0І <  γ ^ θ ·  (21)

Теорема 2 доведена. □

Таким чином, на підставі теореми 2 система рівнянь (4) має неперервно-диференці­

йовний обмежений при t Є 1R+ розв'язок x(t) у вигляді ряду (12). Більше цього, далі 

ми покажемо, що при деяких додаткових умовах система рівнянь (4) має нескінченно 

багато неперервно-диференційовних обмежених при t Є  1R+ розв'язків x(t) =  x(t,aj(t)), 

де ω(ϊ) — деяка 1-періодична вектор-функція, які задовольняють умову

t Иm jx (i) - x(i)] =  0. (22)

Виконаємо в (4) взаємно-однозначну заміну змінних

*(0  =  у (0  + Щ .  (23)

де x(t) — розв'язок системи (4) у вигляді ряду (12). У результаті отримаємо систему рів­

нянь
+°° k к 

y(t + 1) =  Ay(t) - ί  ( Ε  Ат(т)у(т + ocm) + E  вт (т)у'(т + βιη))άτ, (24)
\ m= 1 m= 1 J

відносно якої будемо припускати виконаня умови 4) і умови

5) І А І <1.

Має місце наступна теорема.

Теорема 3. Нехай виконуються умови 4), 5). Тоді система рівнянь (24) має сім'ю непе- 

рервно-диференційовних обмежених при t Є К+ розв'язків у (t) =  y(t,aj(t)) у вигляді 

ряду
ОО

У (0  =  £ * ( » ) .  Р 5 )
/=0

де у, (0/ ί =  0 ,1 ,..., — деякі неперервно-диференційовні обмежені при t Є 1R+ вектор- 

функції, які задовольняють умову

lim y(t) =  0. (26)
ί—>-+00

Аоведення. Ряд (25) є формальним розв'язком системи рівнянь (24), тобто виконується 

співвідношення

со 00 +Г° / k оо k оо

Еу«(' + і) = лЕуЛО - / (Е аш(т) Еу/(т + аш) + Е Мт) Еу/  ̂+ ̂ гт,
і=0 /=0 i m=1 і=0 т=1 і=0

у випадку, коли вектор-функції у,·(ί), і =  0, 1, . . . ,  є розв'язками послідовності систем 

рівнянь

y0(f + l)  =  Ау0(0/ (27)

+°о k

yi(t + 1) =  Лу/(0  - [  ( E  Аш(т)у,_!(т + ат)+ Е  ^ ( ^ у '- ^ т  + ^„))ίίτ,
■f т = 1 т=1 (28)

1 =  1,2........

Система рівнянь (27) має сім'ю неперервно-диференційовних при t Є R + розв'язків 

вигляду

y0(f) =  Λ^φ(ί - [ί]), (29)

де [f] — ціла частина ί, φ(τ) — довільна неперервно-диференційовна при т е  [0, 1) век­

тор-функція, що задовольняє умови

<р(1 - 0) =  Αφ(0), <р’(1 -0) =  Αφ\θ).

Легко переконатися, що якщо yo(t) є один із розв'язків, що визначаються формулою (29), 

то мають місце оцінки

\уо(і)\<Р\А\1, (ЗО)

\ у т < т і, ο υ

де Р — деяка додатна стала.

Розглядаючи послідовно системи рівнянь (28), і =  1 ,2 ,..., можна переконатися, що 

ряди



є формальними розв'язками відповідних систем рівнянь (28), і =  1,2,___Покажемо те­

пер, що ряди (32), і =  1,2,..., рівномірно збігаються при всіх t Є IR+ до деяких вектор- 

функцій у;(£)/ і =  1,2,..., які е неперервно-диференційовними при t Є IR+ і задовольня­

ють умови

\yi(t)\ <Ρθ ι\Α\\ і — 1 , 2 , ,  (33)

\y\(t)\ <P0 '|A |f, / =  1 ,2 , . . . .  (34)

Справді, приймаючи до уваги (32), (ЗО), (31) і умови 4), 5), отримуємо

Отже, оцінка (33) має місце. Диференціюючи (32), отримуємо ряд

оо k к

Уі(0  =  ~ Σ  А Am(t + j)yo(t + j  + ccm) -f ^  Bm(t + j)yb(t + j + βηι)\
j=0 m= 1 m= 1

який на підставі умов 4), 5) і співвідношень (ЗО), (31) рівномірно збігається при t Є М+ і 

його сума у [(t) задовольняє умову \y[(t)\ < ΡΘ\Α\ι.

Аналогічно можна довести, що ряди (32), і =  1,2,... ,г, рівномірно збігаються при 

t Є К + Д О деяких неперервно-диференційовних вектор-функцій Уі(Ґ), і — 1,2,... ,г, що 

задовольняють умови (33), (34), і =  1,2,..., г. На підставі (32), (33), (34) і умов 4), 5) отри­

муємо

Отже, оцінка (33) виконується при всіх і > 1. Внаслідок (33), (34) і умов 4), 5) ряд

оо k к .

Уг+і(0 =  ~ А ;̂+1) ( Σ  + j)yr(t + j  + Dim) + ^  Bm(t + j)y'r(t + j + βηι)) ,
j=0 m=l m=l

рівномірно збігається при t Є 1R+ і виконується умова |j/J.+1(f)l < Р0г+1|А|(.

Тим самим доведено, що ряди (32), і =  1,2 ,. . . , рівномірно збігаються при всіх t Є  IR+ 

до деяких неперервно-диференційовних вектор-функцій у i{t), і  =  1,2, . . . ,  які задоволь­

няють умови (33), (34), і =  1,2,___Звідси безпосередньо випливає, що ряд (25) і ряд

ОО

</(>) =  Σ ν 'Μ  
і=0

рівномірно збігаються при t Є 1R+ і виконуються співвідношення

м о ї < ly'WI < г ^ И І ' ·

Приймаючи до уваги останні співвідношення і умову 5), отримуємо, що побудовані роз­

в'язки задовольняють умову

Urn y(t) = 0.
ί-»+οο

Теорема 3 доведена. □
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Conditions of the existence of continuously differentiable bounded for t Є IR+ solutions of one 
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NEW APPROACH TO DERIVATION OF QUANTUM KINETIC EQUATIONS WITH

INITIAL CORRELATIONS

We propose a new approach to the derivation of kinetic equations from dynamics of large par­

ticle quantum systems, involving correlations of particle states at initial time. The developed ap­

proach is based on the description of the evolution within the framework of marginal observables 

in scaling limits. As a result the quantum Vlasov-type kinetic equation with initial correlations is 

constructed and the statement relating to the property of a propagation of initial correlations is 

proved in a mean field limit.

Key words and phrases: marginal observable, kinetic equation with initial correlations.
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I n t r o d u c t io n

As it is well known the collective behavior of large particle quantum systems can be effec­

tively described within the framework of a one-particle (marginal) density operator governed 

by the kinetic equation [1-4]. In this paper we consider the problem of the rigorous description 

of the kinetic evolution in the presence of initial correlations of quantum particles. Such initial 

states are typical for the condensed states of quantum gases [5-8] in contrast to the gaseous 

state. For example, the equilibrium state of the Bose condensate satisfies the weakening of 

correlation condition specified by correlations of the condensed state [5]. One more example 

is the influence of initial correlations on ultrafast relaxation processes in plasmas [9], [10].

The conventional approach to the rigorous derivation of the quantum kinetic equations is 

based on the consideration of an asymptotic behavior of a solution of the quantum BBGKY hi­

erarchy for marginal density operators constructed within the framework of the theory of per­

turbations in case of initial states specified by a one-particle (marginal) density operator with­

out correlations [11-14], i.e. such that satisfy a chaos condition. This method of the derivation 

of quantum kinetic equations can not be extended on case of initial states specified by initial 

correlations.

In the paper for the rigorous derivation of the quantum kinetic equations in the presence 

of initial correlations we develop a new approach based on the description of the evolution 

of large particle quantum systems within the framework of marginal observables governed by 

the dual quantum BBGKY hierarchy [15]. In article [16] a rigorous formalism of the description 

of the kinetic evolution of observables of quantum particles in a mean field scaling limit was 

developed. In this case the lim it dynamics is described by the set of recurrence evolution

©  Gerasimenko V.I., 2015

equations, namely by the dual quantum Vlasov hierarchy. In this paper, using established 

relationships of initial states specified by initial correlations and constructed solution of the 

dual quantum Vlasov hierarchy for the limit marginal observables, we derive the quantum 

Vlasov-type kinetic equation with initial correlations. The statement relating to the property 

of a propagation of initial correlations is also proved.

1 P re lim in a r y  fa c ts

We consider a quantum system of a non-fixed (i.e. arbitrary but finite) number of identical 

(spinless) particles obeying Maxwell-Boltzmann statistics in the space R 3. We w ill use units 

where h =  2nh — 1 is a Planck constant, and m =  1 is the mass of particles.

Let the space Ή be a one-particle Hilbert space, then the n-particle space Ή η =  Ή®η is a 

tensor product of n Hilbert spaces Ή. We adopt the usual convention that Ή ϋ0 =  C. The Fock 

space over the Hilbert space Ή we denote by Т-ц =  ® “=0Η«·

Let І21 (Ήη) be the space of trace class operators f n =  /«(1,· ■ ■ ,n) Є £}(Ήη) that satisfy 

the symmetry condition: f n{ l, . . . ,n )  — f n(h, ■■■,in) for arbitrary (z'i, Є (1, . . . ,  n), and

equipped with the norm: \\f„ |І£і(^„) =  Тгі,...>я|/я(1,. . . ,  n)\, where Tr1(...„ are partial traces 

over 1 particles. We denote by £q(H„) the everywhere dense set of finite sequences of 

degenerate operators with infinitely differentiable kernels with compact supports.

We shall consider initial states of a quantum many-particle system specified by the one- 

particle (marginal) density operator F®'£ Є І21 (Ή) in the presence of correlations, i.e. initial 

states specified by the following sequence of marginal (s-particle) density operators

F «  =  (1, ^ ( 1),«1(1, 2) f l F ,a'(0 ................................................................ й (1.п )ґ р іа‘ (0 .· · ·)"  w
i= l i= l

where I is an identity operator, the operators (1,..., n) =  g„ Є £g{Ήη), n > 2, are specified 

the initial correlations and the parameter ε > 0 is a mean field scaling parameter [17].

Traditionally correlations of quantum many-particle systems are described within the fra­

mework of marginal (s-particle) correlation operators which are introduced by means of the 

cluster expansions of the marginal density operators

i f 4 1 ..........................................S) Σ Π  G |£,|№)- s i  !- (2)
P:(l,...,s)=U ,Xf x;<=p

where Σ is the sum over all partitions P of the set (1,..., s) into |P| nonempty mu-
P:(l„..,s)=U,X,·

tually disjoint subsets X,· C (1,... ,s). Hereupon solutions of cluster expansions (2)

G?'e( l.......s) =  £  (- l) lpH(|p| - 1)! Π  S > 1, (3)

P : (1..... s) = U, X; XiCP

are interpreted as the operators that describe correlations. Hence in the case of initial data (1) 

sequence (3) of marginal correlation operators has the form

G<c> =  (І,Р?-‘ (1 ) ,Й (1 - 2 )П ^ ! (і).......?»(1........n ) n f f ( i ) , . . . ) .  <4>
i= l i= l

where the operators g£( l, . . . ,  n) =  Є £^(Ή„), η > 2, specified the initial correlations are 

determined by the expansions

&= Σ ( - I ) |p|-'(|P|-1)! r i x f w  5 - 2· (5)
P:Y = U,Xi X<cP
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We remark that in case of initial data satisfying a chaos condition [2] sequence (3) of 

marginal correlation operators has the form

G° =  (I, G°'£(1),0.......0 ,. . .) ,  (6)

and concequently sequence (2) of marginal density operators takes the form

F °=  ..... n ^ W - · · ) ·  P)
i= l /=1

Such assumption about initial states, i.e. (7) (or (6)), is intrinsic for the kinetic description of a 

gas [1]. On the other hand, initial states (1) (or (4)) are typical for the condensed states of quan- 

tum gases, for example, the equilibrium state of the Bose condensate satisfies the weakening 

of correlation condition with the correlations which characterize the condensed state [5].

We note that the evolution of large particle quantum systems can be described not only 

within the framework of marginal density operators governed by the quantum BBGKY hier­

archy [2] but also in terms of marginal observables governed by the dual quantum BBGKY 

hierarchy [15].

Let a sequence g =  (go,gi, ... ,g„ ,...) be an infinite sequence of self-adjoint bounded op­

erators gn defined on the Fock space Тц. An operator gn defined on the и-particle Hilbert 

space Η η =  w ill be also denoted by the symbol g „ ( l,. . . ,n ) . Let the space £(F%) 

be the space of sequences g =  (go, g i, . . . ,  gn, ...) of bounded operators gn defined on the 

Hilbert space П„ that satisfy symmetry condition: gn( 1, . . . ,n )  =  gn(i l f . . . ,  in), for arbitrary 

{hr···,in) Є (1, . . . , « ) ,  equipped with the operator norm ||-IIϋ(7̂ „)- We wil1 also consider a 

more general space S^{Fn ) with the norm =  max g  ||gw||£(Wi|), where 0 < 7 < 1.

We denote by £ 7/o(^h) C £ ί (Τή ) the everywhere dense set in the space ϋ 7( ^ )  of finite se­

quences of degenerate operators with infinitely differentiable kernels with compact supports.

In terms of observables the evolution of quantum many-particle systems is described by 

the sequence B(t) =  (Bq, Bi(i, 1),..., Bs(t, 1,... ,s) ,...) of marginal observables (or s-particle 

observables) Bs(t, 1 ,..., s), s > 1, determined by the following expansions [15]:

= t  a 1+n( t ,{ r\ x } ,x )s » f„ (y \ x ) , s >  1, (8)
n-0 ‘

where B(0) =  (Bo, Bj,e( 1 ) , . . . , Β°'ε(1,. . . ,  s),...) Є £ 7( J ^ )  is a sequence of initial marginal 

observables, and the generating operator 2li+n(t) of expansion (8) is the (1 + n)th-order cu­

mulant of groups of operators (10) defined by the expansion

a 1+„(f,{Y \ x},x )=  E  (—i ) |p|_1(|p| — 1 )! П  Q \ e w > \ т ш  (9)
P:({Y\X},X)=U,X; X,CP

where we hold abridged notations: Y =  (1,... ,s), X =  (Д,.. . , jn) c  Y, and {Y \ X} is the

set, consisting of a single element Y \ X =  (1,... ,s) \ (jl f .. .,/„), thus, the set {Y \ X} is a

connected subset of the set Y, the symbol Σ means the sum over all partitions P of the set
P

({Y \ X},/1, . . . ,  jn) into |P| nonempty mutually disjoint subsets X/ C ({Y \ X}, X), and θ(·) 

is the declusterization mapping defined as follows: 0({Y \ X}, X) =  Y. In expansion (9) for 

g n  Є £(Ή„) the one-parameter mapping Qn(t) is defined by the formula

1R1 3 t ^ ·  Gn(t)gn =  eltHngne~ltHn, (10)

where the Hamilton operator Hn of a system of n particles is a self-adjoint operator with the 

domain V (H n) C  H n has the structure

Η η =  Σ Κ (ί)  + ε Σ  ф (г'ь h), (H)
i=l /j <12=1

and K(i) is the operator of a kinetic energy of the і particle, Ф(г’і, ii) is the operator of a two- 

body interaction potential and ε > 0 is a scaling parameter [17]. The operator K(i) acts on 

functions ipn, that belong to the subspace Lq(R3”) C  V(Hn) C  L2(1R3") of infinitely differen­

tiable functions with compact supports, according to the formula: K(i)ipn =  ~^Aqiipn. Corre­

spondingly, we have: Ф(г'і, і2)грп =  Ф(^гі/^г2)^,г, and we assume that the function Ф (cjiircji2) is 

symmetric with respect to permutations of its arguments, translation-invariant and bounded 

function.

On the space £(Ή„) one-parameter mapping (10) is an isometric *-weak continuous group 

of operators. The infinitesimal generator λίη of this group of operators is a closed operator for

the *-weak topology, and on its domain of the definition T>(j\fn) C  £(Ήπ) it is defined in the

sense of the *-weak convergence of the space Σ.{Ήη) by the operator

w*— lim у (<?,г(f)g„ - gn) =  - i (gnHn - Hngn) =  ■N'ngn, (12)
f-^o t

where Hn is the Hamiltonian (11) and the operator Arngn defined on the domain V (Hn) C  Ή η 

has the structure

Nn =  Е Л' 0') E  -MntOb/2)/
/=i h </2=1

where

N{j)gn =  - i {gnK(j) - K(j)gn), (13)

J^mt(jvh)gn =  ~i (gn^(jvh ) - &{jl,j2)gn)· (14)

Therefore on the space £,(Ήη) a unique solution of the Heisenberg equation for observables of 

a и-particle system is determined by group (10).

The simplest examples of marginal observables (8) are given by the expansions:

Β1(ί,1)=21ι(ί,1)Β°'ε(1),

B2(U ,2 )  =  211(ί,{1,2})Β°'£(1,2) +212(ί,1,2)(Β?'ε(1) + Β?'ε(2)),

where the corresponding order cumulants (9) of groups of operators (10) are given by the 

formulas

2li(i, {1,2}) =  Gs(t, 1, 2),

212 {t, 1, 2) =  Qs ( t ,  1, 2) -  Q\ ( t , 1 ) Q X ( t , 2).

If 7 < e~x, for the sequence of operators (8) the following estimate is true:

\\̂{̂\\&у(тп) - e2( l~ 7 e) 1||^(0)|і£7(т-и)·

A sequence of marginal observables (8) is the non-perturbative solution of recurrence evo­

lution equations known as the dual quantum BBGKY hierarchy [15].

We note that in case of initial states specified by sequences (23) the average values (mean 

values) of marginal observables (8) are determined by the following positive continuous linear



functional

oo -i n

(8 (f),FM) =  £  - T r,... ,„B„(U .....я)я*(1........и ) П ^ ( 0 ·  (15)
n= 0  П ■ /= 1

For operators B(f) Є and F°'£ Є £* (Ή), functional (24) exists under the condition that

11^1 \W ) < Г

2 The d e s c r ip t io n  o f  th e  k in e t ic  e v o lu t io n  w ith in  th e  fr a m e w o rk  o f  m a r g in a l

OBSERVABLES

In scaling limits the kinetic evolution of many-particle systems can be described within 

the framework of observables. We consider this problem on an example of the mean field 

asymptotic behavior of non-perturbative solution (8) of the dual quantum BBGKY hierarchy 

for marginal observables.

A mean field asymptotic behavior of marginal observables (8) is described by the following 

proposition [16].

Let for B®'£ Є £ (Ή η), in the sense of the *-weak convergence on the space £ (H n) it holds

w* — lim (£-"Β°;ε -b°n) =  0, n >  1,
ε->ο

then for arbitrary finite time interval there exists mean field scaling lim it of marginal observ­

ables (8)

w* lim (£~sBs(t) - bs(t)) =  0, s > 1, (16)
£-+0

(17)

that are determined by the following expansions:

s—1 J f" -1 s

b s ( t , Y ) =  Σ  / Л і · · ·  [  d t n Y l & i t - t v h )  E  M n t( /b / i)
n=0 J0 JQ heY цфіх=1

x П  & (*i - tb h ) · · ·  П  - tn, ln)
h єУ\(Л) ln€Y\(jb-,jn-i)

T, -Mn t(hi,jn) M„,ln+l)b°8-n(Y\(jl......../„)),
in ^ jn = 1/ 

inrjn φ (/l/ · · · >jn-l)

where the operator А/і^Оь/г) is defined on operators gn Є £ (Ή η) by formula (14).

The proof of this statement is based on formulas for cumulants of asymptotically perturbed 

groups of operators (10).

Indeed, for arbitrary finite time interval the asymptotically perturbed group of operators

(10) has the following scaling lim it in the sense of the *-weak convergence on the space £ (Ή 3):

w*~ ϋηχ (Gs(t'Y) ~~ Π ^ ι(Λ /))§δ  =  0. (18)
j=i

Taking into account analogs of the Duhamel equations for cumulants of asymptotically per­

turbed groups of operators [17], in view of formula (18) we have

w* lim  (ε~"-ί-21ι+„ (ί, {Y \ X}, j \ , j n) 
ε->0 \ ft!

t tn-l s

-  f  d t\ . . .  f  d t n Y [ Q \ ( t  -  t i , h ) E  A /in t(ji,/i) Π  Q i ( h  -  h , h )  ■ · ·

0 0 l ' e Y  ' 1 ^ 1 = 1  heY\ (h)

s

J-[ — \ ~ tri/ln) E  Λ/int(jtt/jn)

ln€Y\(jl'—>jn-l) ^  ί" =  I'
in,jn φ (j\,---,jn-l)

x J"J Gl (tfi/ln+l)^)gs-n — 0,
ln+ i£Y\ (jb—'jn)

where we used notations accepted in (17) and gs-n =  gs_„ ( ( l , . . . ,  s) \ (Д,. . . ,  jn)), и > 1. As a 

result of this equality we establish the validity of statement (16) for expansion (8) of marginal 

observables.

If b° Є  £ 7 ( J f t ) ,  then the sequence b ( t )  =  (b0, h  ( t ) , . . . ,  bs( t ) , . . ,) of lim it marginal observ­

ables (17) is a generalized global solution of the Cauchy problem of the dual quantum Vlasov 

hierarchy

h s(t,Y) = t m U ‘,y)+ t  Л імО 'іЛ2)‘ .- і(» .Л О 'і) )<  <*>>
m  i= 1 h # 2 = i

bs(t)\t=o =  b°s, s > 1, (20)

where the infinitesimal generator Af(j) of the group of operators Q\ (t,j) of; particle is defined 

on gi Є £ο(Ή ) by formula (13). It should be noted that equations set (19) has the structure 

of recurrence evolution equations. We give several examples of the evolution equations of 

the dual quantum Vlasov hierarchy (19) in terms of operator kernels of the lim it marginal 

observables

d  1
І ЧтЬ\ (t , Cji} (fa) =  — — ( — + Дд/ )Ь\ (ί, Cj\, Cfo),

I J  —  2  v 471 41'

д 1 2 
i ^ b 2 ( t , q  1 , f a ’, q'z) =  ~ 2  +  ^< ? ;)^2 ( ί ' ί?ι ' ^ 2' ί? ί/ί?2)

+  (Φ(?ί -Я2) - ф (Ч і - 9 2 ) ) ( b i ( f , i i ; < ? i )  + h ( t , q 2-,q'2) ) ·

We consider the mean field lim it of a particular case of marginal observables, namely the 

additive-type marginal observables B ^  (0) =  (0, Β ° 'ε ( 1 ) ,  0, . . . )  (the k-ary marginal observable 

is represented by the sequence (0) =  (0,..., 0, Β ° 'ε ( 1 , . . . ,  k), 0,...)). In case of additive- 

type marginal observables expansions (8) take the following form:

B^\t, Y) =  %{t) £  B0/ ( j ) ,  s > 1, (21)

)= 1

where the operator 2ts(i) is sth-order cumulant (9) of groups of operators (10).

If for the additive-type marginal observable Β°'ε Є £(Ή ) it holds



then for additive-type marginal observables (21) there exists the following mean field lim it

w*— 1іт (є sBs^(t) — bg^(t)) =  0, s > 1,
ε-»0

where the lim it additive-type marginal observable is determined by a special case of

expansion (17)

f is—2 s

f i l l . . . / it,- іПй('-'ь'і) Ε Λ4«(<ι./ι)
0 0

X П G\{t\ - t2,h ) ■ · · П 1̂ (is—2 - fs- ΐΛ - ΐ )

»2Є У \ 0 і)  і . - і € У \ У і ......7. - 2) 1 '

X E Μ *& - ν ί .- ύ П Gi(ts-bls)b01(Y\ (h,...,js- i)).
h-1 Ф js-1 = 1/ l)

is-1-Λ-ι Ф 0*i# · · ·#/s—2)

We make several examples of expansions (22) for the lim it additive-type marginal observables

:,(!)/* 1 \ _  rv 1Ч 1,0/
&^(ί,1) =  0ι(ί,1)&ϊ(1),

* 2 2

4 1}( М ,2) =  f  dt1Y lG i( t- t1,W b * M t G i ( t i . j ) t $ ( j ) -  
ί 1=1 /=10 !=1 /=

Thus, for arbitrary initial states in the mean field scaling lim it the kinetic evolution of quan­

tum many-particle systems is described in terms of lim it marginal observables (17) governed 

by the dual quantum Vlasov hierarchy (19).

Furthermore, the relation between the evolution of observables (17) and the kinetic evo­

lution of initial states described in terms of a one-particle (marginal) density operator and 

correlation operators (1) is considered.

3 The quantum  Vlasov-type kinetic equation with initial correlations

We assume that for the initial one-particle (marginal) density operator F°'£ Є £ ] (Ή) there 

exists the mean field limit lim ||ε F®,£ — /j' ||£ι ^  =  0, and lim ||g£ — gn |І£і^  ̂=  0, n > 2, then

in the mean field limit the initial state is specified by the following sequence of lim it operators

/ (с) = М № ,й ( 1 ,2 ) Ш ( і ) ........g.( 1........................... п ) Ш ( 0 .- ) ·  (23)
i=l 1=1

We note that in case of initial states specified by sequence (23) the average values (mean val­

ues) of lim it marginal observables (17) are determined by the lim it positive continuous linear 

functional (15)

0° -I n

(b(i)//(c)) =  E  —y ). (24)
n=0 П· 1=1

For operators b(t) Є £ 7(J-%) and Є £*(% ), functional (24) exists under the condition that

\\fi\\&(H) < 7-
We shall establish the relations of mean value functional (24) represented in terms of con­

structed mean field asymptotics of marginal observables (17) with its representation in terms

of a solution of the quantum Vlasov-type kinetic equation with initial correlations, i.e. in case 

of initial states (23).

For the limit additive-type marginal observables (22) the following equality is true
OO 1 s

(!>(1>(f),/W) = E  ATr3.. .»i4(U..... s)g.(l......»)Ш (0 =Tnt?(l)/,((,l),
s=0  S ■ i= l

where the operator b ^  (t) is determined by expansion (22) and the one-particle (marginal) 

density operator f\ (f, 1 ) is represented by the series expansion

t tfi-l 9
00 ґ Г

/i(u) = E  / rfli··· / it»K2,...,«+is;(t-hA)Mi,(i,2)Tie;(h-tbh)···
n=o o g /1=1 (25)
η n n+1 и+1

X Y\Q{{tn -tn,in) Σ  Кл(кп'п + 1) П 2i(W«)2i+«(l....« + ΐ)Π/ί)(0·
/„=1 k„=l jn= 1 *=1

In series expansion(25) the operator N ^ t(j\,j2)fn =  -Λ/int (/l,/2)/« is an adjoint operator to 

operator (12) and the group Gf(t, і) =  G\(~t, і) is dual to group (10) in the sense of functional 

(24). For bounded interaction potentials series (25) is norm convergent on the space S}(V.) 

under the condition that t < t0 =  (2 ||ФЦя2) ll/f |І£і(Я))-1·
The operator f\(t) represented by series (25) is a solution of the Cauchy problem of the

quantum Vlasov-type kinetic equation with initial correlations:

! / , ( ί ,1 )  =  Λ/·*(1)/ι(Μ)

2 2 (26)

+ Τγ2Λ£,(1,2) Π  δϊ(ί-·'ι)»(1-2) Π (6Г)-1 (t,іг)/і(t, l) / i (t,2),
*1=1 *2=1

/ l (O k o  =  / f ,  (27)
where the operator Λί*(1) =  —λί(1) is an adjoint operator to operator (13) in the sense of 

functional (24) and the group {G{)~1 (*) =  G{ (~t) — Q\ (t) is inverse to the group (G\) (t). This 

fact is proved similarly as in case of a solution of the quantum BBGKY hierarchy represented 

by the iteration series [13].

Thus, in case of initial states specified by one-particle (marginal) density operator (23) we 

establish that the dual quantum Vlasov hierarchy (19) for additive-type marginal observables 

describes the evolution of a quantum large particle system just as the non-Markovian quantum 

Vlasov-type kinetic equation with initial correlations (26).

4 The propagation of initial correlations in  a mean held  limit

We consider the evolution of initial correlations in a mean field scaling limit.

The property of the propagation of initial correlations is a consequence of the validity of 

the following equality for the mean value functional of the limit k-ary marginal observables, 

i.e. the sequences bW (0) =  (0 ,..., 0, bjj!(l,. . . ,  k), 0 ,...) [15] at initial instant, in case of k >  2

00 1 s

(b<‘>(t),/w) = E  ijTfrwbS ’(u ..... s)ft(i...... 5)ГШ )
s=0 S · / = 1

* k k

=  ^Т Г1...,fcb°( 1 .......k ) U m h ) » ( i ........к т м г ' ш т ь і ) .
κ · 11=1 12=1 j = 1



where the lim it one-particle (marginal) density operator f\(t,j) is represented by series ex­

pansion (25) and therefore it is governed by the Cauchy problem of the quantum Vlasov-type 

kinetic equation with initial correlations (26), (27).

This fact is proved similarly to the proof of a property on the propagation of initial chaos 

in a mean field scaling lim it [18].

Therefore in case of initial states specified by sequence (1) mean field dynamics of all pos­

sible states is described in terms of the sequence /  =  (L fi {t),f2{t), ■ ■ · ,/«(0 , · · ·) °f the lim it

marginal density operators f n (t, 1, . . . , η), n > 1, which are represented within the framework 

of the one-particle density operator f\(t) as follows

M U ....... «) =  YlGt(t,h)gn(\ ........n — 2/

*1 = 1 *2=1 /=1

where the one-particle density operator f\(t,j) is a solution of the Cauchy problem of the 

quantum Vlasov-type kinetic equation with initial correlations (26),(27). In case of initial states 

specified by sequence (4) of the marginal correlation operators the evolution of all possible 

correlations is described by the following sequence of the lim it marginal correlation operators

gn(t, 1, . . . ,n )  =  Д  G i(t,ii)gn( l , . . . ,n )  Y[(GZ)~1(t,i2)Y lf i( t , j ) ,  n > 2,

*1=1 *2=1 /=1

where the operators gn related to operators gn by expansions (5).

We note that the general approach to the description of the evolution of states of quantum 

many-particle systems within the framework of correlation operators and marginal correlation 

operators was given in paper [19].

Thus, in case of the lim it /c-агу marginal observables solution (22) of the dual quantum 

Vlasov hierarchy (19) is equivalent to a property of the propagation of initial correlations for 

the k-particle marginal density operator in the sense of equality (28) or in other words the 

mean field scaling dynamics does not create correlations.

5 Conclusion and  outlook

In the paper the concept of quantum kinetic equations in case of the kinetic evolution, 

involving correlations of particle states at initial time, for instance, correlation operators char­

acterizing the condensed states, was considered.

This paper deals with a quantum system of a non-fixed (i.e. arbitrary but finite) number of 

identical (spinless) particles obeying Maxwell-Boltzmann statistics. The obtained results can 

be extended to quantum systems of bosons or fermions.

In case of pure states the quantum Vlasov-type kinetic equation with initial correlations 

(26) can be reduced to the Gross-Pitaevskii-type kinetic equation [14]. Indeed, in this case 

the one-particle density operator /i(f) =  \ψ̂ (ψί\ is a one-dimensional projector onto a unit 

vector \ipt) Є Ή and its kernel has the following form: f\(t, q, q') =  ip(t, q)ψ* (ί, q'). Then, if we 

consider quantum particles, interacting by the potential which kernel Ф(^) =  5(q) is the Dirac 

measure, from kinetic equation (26) we derive the Gross-Pitaevskii-type kinetic equation [20]

5 1 f

where the coupling ratio g(t,q, q; q', q") of the collision integral is the kernel of the scattering 

length operator G\(t, l)G i(t,2)g2(l,2). If we consider a system of quantum particles without 

initial correlations (7) (or (6)), then this kinetic equation is the cubic nonlinear Schrodinger 

equation [13].

We note also that in paper [21] it was developed one more method of the derivation of quan­

tum kinetic equations. By means of a non-perturbative solution of the quantum BBGKY hier­

archy it was established that, if initial data is completely specified by a one-particle marginal 

density operator (in case of initial data with correlations see paper [20]), then all possible 

states of quantum many-particle systems at arbitrary moment of time can be described within 

the framework of a one-particle density operator governed by the generalized quantum kinetic 

equation. The actual quantum kinetic equations can be derived from the generalized quantum 

kinetic equation in the appropriate scaling limit, for example, in a mean field lim it [18]. We 

emphasize that one of the advantages of such an approach to the derivation of the quantum 

kinetic equations from underlying dynamics governed by the generalized quantum kinetic 

equation consists in an opportunity to construct the higher-order corrections to the scaling 

asymptotic behavior of large particle quantum systems.
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LATERAL CONTINUITY AND ORTHOGONALLY ADDITIVE OPERATORS

We generalize the notion of a laterally convergent net from increasing nets to general ones and 

study the corresponding lateral continuity of maps. The main result asserts that, the lateral continu­

ity of an orthogonally additive operator is equivalent to its continuity at zero. This theorem holds 

for operators that send laterally convergent nets to any type convergent nets (laterally, order or norm 

convergent).
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1 I n t r o d u c t io n

Some versions of laterally (i.e., horizontally) continuous maps acting between vector lattices 

were considered in [4] and [6]. A net (xa) in a vector lattice E in the mentioned above papers 

is called laterally convergent to x Є E if xK C Xp C x as a < β and xa — > x. Here and in the 

sequel the relation u C v means that u is a fragment (component, in another terminology) of 

v, that is, u _L (v — u), and the notation xa — > x means that the net (xa) order converges to x, 

i.e. there is a net (m«) in E with the same index set such that \xa — x\ < ua for all a, and ua 4- 0, 

that is, (uK) is a decreasing (in the non-strict sense) net with zero infimum. In our opinion, 

the assumption xa C Χβ C x on the net in the above definition of the lateral convergence is 

too restrictive and unjustified. One of the tasks of the present note is to generalize the lateral 

convergence to not necessarily laterally increasing nets.

In [4] the authors considered maps that laterally convergent nets send to order convergent 

nets (such maps were called disjointly continuous). In [6] the maps that laterally convergent 

nets send to norm convergent nets in a normed space were called laterally-to-norm continuous. 

In both papers [4] and [6] laterally convergent nets were considered to be laterally increasing. 

Another task of the present paper is to analyze the relationships between different versions of 

lateral continuity. We provide an example of a disjointly continuous map which is not laterally 

continuous in the sense of new (generalized) definition of the lateral continuity. However, we 

do not know if there exists an orthogonally additive operator of the kind.

Due to the generalized definition of the lateral continuity, there are nontrivial nets laterally 

converging to zero. So, it is naturally to ask, whether the lateral continuity of a linear (or, more 

general, orthogonally additive) operator can be reduced to the same continuity at zero. Our 

mail result answer this in the affirmative.
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1.1 Terminology and notation

Terminology, notation and facts on vector lattices, that are familiarly used in the paper 

were taken from [1]. The equality z =  x U у for elements x,y, z of a vector lattice E means 

that z =  x + y and x _L y, that is, |x| Λ \y\ = 0 . All vector lattices considered in the paper are 

assumed to be Archimedean.

For the first time orthogonally additive operators on vector lattices were considered and 

investigated in [4] and [5]. Let £ be a vector lattice and X be a vector space. A function 

Τ : E -» X is called an orthogonally additive operator if T(x U y) =  T(x) + T(y). In other 

words, orthogonally additive operators the sum of two disjoint elements send to the sum of 

their images.

An important example of a nonlinear orthogonally additive operator is the positive part 

x+ of an element x in a vector lattice E. Show that, if x _L у then (x + y)+ =  x+ + y+■ 

Using the well known properties (u + v) V (u + w) — u + (v V w) [1, Theorem 2.1] and 

sup(—A) =  —inf Λ [1, p. 3] for u, v, w Є  E and A C E ,  taking into account that x+ _L y~, 

y+ _L x_ , and that the disjoint (orthogonal) complement is a linear space [1, Theorem 3.3], we 

obtain (x+ + y+) Λ (x“ 4-у-) =0 , and hence

(x + y)+ =  (x + y) V 0 = (x+ + y+ - x~ - y~) V (x+ + y+ - x+ - y+)

=  X+ + y + + (~ (x_ + y ~) V - (x+ + y+))

=  x+ + y+ — (x+ + y+) Λ (x“ + y~) =  x+ + y+.

We use several times the example of a vector lattice of all functions x : Ω  —> 1R with 

respect to the pointwise linear operations of taking the sum and the multiplication by a scalar, 

and with the pointwise order: x < у if and only if x(f) < y(f) for all t Є Ω. Given a subset 

A C  Ω, the symbol Ід denotes the characteristic function of A, that is, the function Ід : Ω —» R  

given by

i m  = ! lr i i t e  A'
1 0, if t Є  Ω\ A.

Definitions and necessary properties of Boolean algebras see in [2, Definition 7.9].

1.2 The lateral order

For the first time the lateral order and its properties were considered in [3]. But, as far as 

we know, the cited paper is not yet published. So, for convenience of the reader, propositions 

that we took from [3], we provide with complete proofs and citation.

Proposition 1 ([3]). Let E be a vector lattice and x,y Є E.

(1) If x □ у then

(a) x+ C y+ and x~ □ y~,

(b) x+ < y+ and x~ < y~,

(c) x~ _L y+ and x+ _L y~,

(d) |χ| E  \y\-
(2) x C y  if and only if x+ C y+ and x~ C y~.

Proof. Assume x Q y, that is, у =  x U (у — x). Then y+ =  x+ U (y — x)+, which implies 

x+ < y+ and (y — x)+ =  y+ — x+. Hence y+ =  x+ U (y+ — x+), i.e., x+ C y+. Analogously, 

x~ < y~ and x~ С у " .  Thus, (a), (b) and the "only if" part of item (2) is proved.

(c) By (b), 0 < x A y+ < у Λ y+ =  0. The second part of (c) is proved analogously.

(d) By (a), x+ ± y+ - x+, and by (c), x+ _L y~. Moreover, x+ _L x~. Hence x+ _L |y| — |x|. 

Analogously, x~ _L |y| — |x|. The latter two relations yield |x| _L |y| — |x|, that is, |x| [Z |y|.

The "if" part of (2). Suppose x+ C y+ and x~ C y". Then the first relation implies 

x+ < y+. Then 0 < x+ Λ y~ < y+ A y~ =  0, and hence x+ _L y~. Taking into account 

x+ _L (y+ — x+) and x+ ± x~, one gets x+ _L (y+ - x+ — y~ + x~), i.e., x+ _L (y - x). 

Analogously, x~ ± (y — x), and thus, x _L (y — x). □

Proposition 2 ([3]). Let E be a vector lattice. Then the binary relation C is a partial order on E.

Proof. For every x Є E the relation x □ x means that x J_ 0, which is obviously valid.

Assume x,y Є E and x C у C x. Since x _L (y — x) and у _L (y — x), one has 

(y — x) _L (y — x), that is, у — x =  0. Let x,y,z Є E and x C у C z. Then x _L (y — x). 

Moreover, by (1) (b) of Proposition 1 one has |x| < |y|. The latter inequality together with 

у _L (z — y) gives x J_ (z — y). Since the orthogonal complement is a linear space [1, Theo­

rem 3.3], we obtain x _L (y — x) + (z — y) =  z — x, that is x C z. □

Given any e Є E, by we denote the set of all fragments of e, $e — {x Є Ε : x П e}. Item 

(1) of the following proposition is very known for e > 0 [1, Theorem 3.15].

Propositions ([3]). LetE be a vector lattice and e Є E. Then

(1) theset$e of all fragments of e is a Boolean algebra with zero 0, unite with respect to the 

operations x U у =  (x+ Vy+) — (x“ Vy") and xfly  =  (x+ Ay+) — (x- Л у-);

(2) ife > 0 then the lateral order C on $e coincides with the lattice order < , and hence the 

lateral supremum (infimum) of an arbitrary set A C $e equals its lattice supremum;

(3) x U у equals the supremum, and x П у equals the infimum of a two-point set {x, у} C fo, 

with respect to the lateral order C both in and E.

Proof. (1) By [1, Theorem 3.15], $e+ and -$e are Boolean algebras with zero 0, units e+ and e~ 

respectively and operations V and A, that coincide with the lattice operations on E. Consider 

the direct sum $e+ 0 $e-, that is, the Cartesian product 3g+ x with zero (0,0), unit (e+, e~) 

and operations (xi,yi) V (х2,уг) =  (xi V x2,yi Vy2) and (xi,yi) А (х2,уг) =  (xi А *2/Уі Л y2). 

Obviously, &,+ 0 $e- is a Boolean algebra. Then the bijection r  : £ е+ 0 given by

τ (x,y) =  x — у for any (x,y) Є 5?+ 0  (the facts that τ (x,y) Є де, and that r  is one-to-one 

follow from Proposition 1) induces the Boolean algebra structure on $e. It remains to observe 

that r  sends (0, 0) to 0, (e+,e~) to e+ — e~ =  e, and the induces operations are given by the 

formulas given in the statement of (I).

(2) Assume e > 0 and x,y Є 3t>. By Proposition 1, x,y > 0.

Let x C y. By (1) (b) of Proposition 1, we get x < y.

Let x < y. Then 0 < x A (e — у) < x A (e — x) =  0, and hence x L  (e — y). Since x _L (e — x) 

and the disjoint complement is a linear subspace [1, Theorem 3.3], we obtain x _L (y — x), and 

hence x Є У·

(3) follows from (2) and Proposition 1. □



By Proposition 3, using the well known equality x + y =  xVy + xAy[l, Theorem 1.2], we 

obtain the following consequence.

Corollary 1 ([3]). Let E be a vector lattice, e Є E and x, у Cj e. Then x + у =  xUy + хГ\у.

Proof. The proof follows from equalities:

x + у =  x+ + y+ — (x~ + y~)

=  χ+ V y+ + x+ Λ y+ - (χ- V y~ + x~ A y~) =  x U у 4- x n  y.

□

In the sequel, on the Boolean algebra $e we w ill consider the set-theoretical operations 

х\у =  хП(е — у) =  x — x П у and xΔy — (x \ y) U (y \ x) -  (x\y)u(y\x).

Definition 1. A subset A of a vector lattice E is said to be laterally bounded if A C $e for some

б Є E.

2 Lateral convergence

In this section, we generalize the lateral convergence from laterally increasing nets to arbi­

trary ones. All statements that are used to prove the main result are given as lemmas, however 

they could be of their own interest. By a laterally converging net in a vector lattice we mean any 

laterally bounded order converging net. But not only such nets. The point is that, by attach­

ing of several new elements to a laterally bounded net, one can spoil the lateral boundedness, 

however, by the idea of convergence, this should not affect the lateral convergence. Taking this 

into account, we give the next definition.

Definition 2. An order converging net (xft) to an element x of a vector lattice E, so that there is 

an index a0 such that the net (χ«)Λ>αο is laterally bounded, is said to be laterally converging to
lat

x, and the element x is called the lateral limit o/(xa). The notation x« — > x means that the net 

(xa) laterally converges to x. In the particular case, where χα Ε χβ for any α < β, the laterally 

convergent net (Χα) is called up-laterally convergent to its lateral limit1.

It is interesting to observe that the lateral lim it is laterally bounded by the same element as 

the net itself. This follows from the next statement.

Lemma 1. Let E be a vector lattice and e Є E. Then the set $e is order closed.

Proof. Let ха X, where x« Є де and x Є E. Show that x C  e. By the order continuity of the 

lattice operations, 0 =  |x«| Λ \e — x«| |x| Λ \e - x|, and hence, |x| Λ \e — x| =  0. □

As an immediate consequence of Lemma 1 we obtain the following fact.

lat
Lemma 2. Let E be a vector lattice, e Є E and xu — )■ x, where x Є E and x „C e  for all oc > olq. 

Then x O e.

1 Recall that exactly these nets in [4] and [6] were said to be laterally convergent.

We say that a subset A of a vector lattice E is laterally closed if the lateral lim it of any net 

from A belongs to A. Using this terminology, Lemma 2 asserts that, for any e Є E the set fo, is 

laterally closed.

Next we show that, in the definition of the lateral convergence, one can choose a majorizing 

net to be laterally bounded.

lat
Proposition 4. Let E be a Dedekind complete vector lattice, e Є Ε, xa — > x, where x Є E and 

xa C e for all a. > oco. Then there is a net (va) with the same index set such that va C \e\ and 

|д:л — д:| C d , for all oc > ocq and va 0.

For the proof, we need the following lemma.

Lemma 3. LetE be a vector lattice, e Є E andx,y C e. Then |x — yj =  |xAy| O \e\.

Proof of Lemma 3. Subtracting from the equality x =  (x \ y) U (χ П y) the equality у — (y \ x) U 

(χП y), we obtain x — у =  (x\y) - (y\ x). Since (x\y) _L (y\ x), by the orthogonal additivity 

of the positive part of an element and Corollary 1, we obtain

l*-y|  =  І Л уі + ly\*l =  l(*\y) + (y\*)l =  І ( Л у ) и  (у \ χ) I =  І*д уІ·

Since хЛу C e, by item (l)(d) of Proposition 1 we get |хЛу| C \e\. □

Proof of Proposition 4. Let (ua) be a net in E such that |x« - x| < ua 4 0. For every a. we set 

Vix =  Μβ>α \χβ — x\. The supremum exists because \χβ — x| < 2e for all β and E is Dedeking 

complete. By Lemma 3, \χβ — x\ □ \e\ for all β. By (2) of Proposition 3, vu equals the lateral 

supremum of the net (\χβ — χ\)β>α· Hence va C \e\. The inequality |xft — x| < va for all a 

follows from the construction of va. Finally, the condition va | 0 follows from

0 < va <  \J ιΐβ =  4 0.
β>α

□
Lemma 4. Let E be a vector lattice, (xft) a net in E and x Є E. Then the following assertions are 

equivalent:

(i) x« — > x;

(ii) x+ x+, x“ x~ and (хл )«>ft0 is laterally bounded for some ao;

(iii) The set {x} U {χα : α > a0} is laterally bounded and χαΔχ 0.

lat
Moreover; each of (i)-(iii)implies \χα\ — \x\.

Proof, (i) <=> (ii) The equivalence of χα x and the conditions x+ x+, x~ x~ is 

easily seen. It remains to observe that, the lateral boundedness of (xa) implies that of the nets 

(xa) and (xa) by Proposition 1.
lat

(і) => (iii) Assume xx — > x. By Lemma 2, there is e Є E such that x, xa C e for all α > ao·

Then the net (χαΔ χ )α>αο is laterally bounded by e. Moreover, by Lemma 3, |χαΔχ| =  |хл — x|,

and hence χαΔχ -^4· 0.

(iii) => (i) directly follows from Lemma 3.
i lat i

It remains to observe that the condition \χΛ\ — > \x\ follows from (1) (d) of Proposition 1.

□



Remark that the assumption of lateral boundedness of the set {x} U {xa : a. > «ο} in (Hi) 

serves for the elements ιλΔ .ϊ to be well defined, and the implication (ii) => (i) may fail to 

be valid if one removes the assumption of lateral boundedness of the net (x«) in (ii), as the 

following example shows.

Example 1. There exist a vector lattice E, a sequence (x„) in E and an element x Є E such that

lat x+,x “ x ", but for every n0 Є N  the sequence (xn)n>n0 is not laterally bounded,

and hence> (x„) laterally diverges.

Proof. Indeed, consider the vector lattice E =  JRr  with the pointwise order and the sequence 

(x„) in E, given by

r (t) =  f  ь  if t Є (- 00, J], 

n{ ' {  -1, if t Є (J,+  oo).

It is a simple technical exercise to show that the sequence (x«) order converges to

x(t) =  j 1, if f  Є (-oo,0],

— 1, if ί Є (0, +o°)/

however, the sequence (xn)n>n0 is not laterally bounded for all no Є N . On the other hand,

X+ =  l (_coi ] l (_oo0]. Since x+ C 1(—ооД] for al n Є N , one has that

xn =  1(-oo,i] 1(-oo,o]· Analogously, x~ = l (i,+oo) 1(0,+°°)· D

3 Lateral continuity 

In this section we study versions of continuity connected to the lateral convergence. 

Definition 3. Let E, F be vector lattices. A function f  : E —> F is said to be:

(L-L) laterally continuous at a point x Є E if for any net (xa) in E the relation xu x implies

/ ( * « )  / ( * ) ;

1st
(L-O) laterally-to-order continuous at a point x Є E if for any net (xa) inE the relation xa > x 

implies f(xa) /(x ).

Definition 4. Let E be a vector iatfice and F a normed space. A function f  : E —>■ F is said to be

lat
(L-N) laterally-to-norm continuous at a point x Є E if for any net (xa) inE  the condition xa » 

x yields ||/(x«) — /(x)|| -»· 0.

Following the terminology of [4], a map /  : E -> F acting from a vector lattice E to a 

vector lattice or a normed space F is said to be disjointly laterally (disjointly order or disjointly 

norm) continuous at a point x Є E if for every net (x«) in E up- laterally converging to x the net 

(/(Xn;)) laterally (order or norm, respectively) converges to /(x ) in F. The corresponding type 

of convergence we denote by (DL-L), (DL-O) or (DL-N).

We say that a function /  : E ->■ F is continuous in some of the senses ((L-L), (L-O), (L-N), 

(DL-L), (DL-O) or (DL-N)), if /  is continuous in the same sense at any point x Є E.

Notice that the generalization of the notion of a laterally convergent net from up-laterally 

convergent nets to arbitrary nets may affect the lateral continuity at a fixed point. Indeed, if 

a net (xa) in a vector lattice E up-laterally converges to zero then xK = 0 for all a. Hence, an 

arbitrary map /  : E —> F up-laterally convergent to zero nets sends to convergent nets in any 

sense. So, it is not a big deal to provide an example where the same happen at a nonzero point 

Xo Є E (say, at a point Xo which is an atom in E, that is, the only fragments of Xo are 0 and 

Xo itself). It is clear that not every map acting from E =  IRr  to a nontrivial vector lattice or a 

normed space is continuous in any of the senses (L-L), (L-O) or (L-N) at Xo- For instance, the 

one given by f(xo) =  0 and /(x) =  y0 φ 0 for all x Є E \ {xo}. Indeed, the sequence xn =  lj0 ij 

laterally converges to Xo, however f(xn) =  yo A  0 in any of the senses (L-L), (L-O) or (L-N).

The following theorem, which is the main result, in particular, asserts that the lateral con­

tinuity of an orthogonally additive operator is equivalent to its lateral continuity just at zero.

Theorem 1. Let E be a vector lattice, F a vector lattice or a normed space, T : E —>· F an 

orthogonally additive operator. Let X be one of the letters L, O or N. Then the following 

assertions are equivalent:

(1) T is (L-X) continuous;

(2) T is (L-X) continuous at zero.

Proof. The implication (1) (2) is obvious. Prove (2) => (1). Let (xa) be a net in E, x Є
lat

E and xa — > x. Choose e Є E and an index ocq s o  that xft C e as α > «о- Then, by
lat

Lemma 2, x O e. Next, Lemma 4 implies that χαΔχ — > 0. Let (wa) be a net in E such that 

|χαΔχ| < ua і  0. Taking into account that χαΔχ =  (χα \ x) U (x \ xa), we obtain 

|x« \ x| < I  0 and |x \ x«| < Ua, 4-0. Then xK \ x 0 and x \ xa 0, and hence, 

хл \ x 0 and x\xa 0. By the (L-X)-continuity at zero, T(xa \ x) —> 0 and T(x \ хл) —> 0 

in the sense of X-convergence, because T(0) = 0  (as T is orthogonally additive). Since xa — 

(x« \ x) U (xa П x), by the orthogonal additivity of T,

T(x«) =  T(xa \ x) + T(xa П x). (1)

Analogously,

T(x) =  Τ(χ\χα) + Τ(χΠχα). (2)

Subtracting from (1) the equality (2), we obtain T(xa) — T(x) =  T(xa \ x) — T(x \ xa) -> 0 

in the sense of X. □

The following example shows that, the notion of lateral continuity changes when replacing 

the up-laterally convergent nets with arbitrary lateral converging nets.

Recall that, following [4], a map /  : E —> F between vector lattices E and F is called dis­

jointly continuous if for every x Є E and every up-laterally convergent net (хя) the condition 

Xa X implies f(xa) /(x).

Example 2. There exist vector lattices E, F and a disjointly continuous map f  : E —> F which is 

not laterally-to-order continuous.



Proof. Set E =  IRl0'1!, F =  lRi0'2l and define a map /  : E —у F by /(0) =  0 and f(x) =  x + l( 1/2] 

for x Є  E \ {0}. Then /  is disjointly continuous at zero, because all up-laterally convergent 

to zero nets consist of zero elements, and the disjoint continuity of /  at any nonzero point is 

obvious. Show that /  is not laterally continuous at zero. Indeed, for the sequence xn — l (0 i),

n =  1,2,... one has xn 0, and nevertheless, f(x n) =  xn + l(i,2] 1(1,2] Ф 0 =  / ( 0)· ^

We do not know if there is an orthogonally additive operator with the same properties.

Problem. Do there exist vector lattices E,F and an orthogonally additive operator 

T : E —>· F which is not laterally-to-order continuous?

Remark that any other version of Theorem 1 holds true in which instead of the convergence 

in the sense X one considers another convergence (say, topological), which has the property of 

uniqueness of lim it and such that the sum of two convergent nets converges to the sum of their 

limits.
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Ми узагальнюємо поняття латерально збіжної сітки зі зростаючих сіток на довільні та ви­

вчаємо відповідну латеральну неперервність відображень. Основний результат стверджує, 
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ральної неперервності в нулі. Ця теорема має місце для операторів, що переводять латераль­
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нормою).

Ключові слова і фрази: ортогонально адитивний оператор, латеральна неперервність.
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INDEX OF PSEUDO-PROJECTIVELY SYMMETRIC SEMI-RIEMANNIAN 

MANIFOLDS

The index of V-pseudo-projectively symmetric and in particular for V-projectively symmetric 

semi-Riemannian manifolds, where V is Ricci symmetric metric connection are discussed.
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I n t r o d u c t io n

In 1923, Eisenhart [2] obtained the condition for the existence of a second order parallel 

symmetric tensor in a Riemannian manifold and proved that if a Riemannian manifold admits 

a second order parallel symmetric tensor other than a constant multiple of the Riemannian 

metric, then it is reducible. In 1925, Levy [9] gave the necessary and sufficient condition for the 

existence of second order parallel symmetric tensors and proved that a second order parallel 

symmetric non-singular tensor in a real space form is always proportional to the Riemannian 

metric. After that Sharma [13] improved the result of Levy and proved that any second order 

parallel tensor (not necessarily symmetric) in a real space form of dimension greater than 2 

is proportional to the Riemannian metric. Later in 1939, Thomas [17] defined and studied 

the index of a Riemannian manifold. A set of metric tensors (i.e. symmetric non-degenerate 

parallel (0,2) tensor field on the differentiable manifold) {H\,.. . ,  Hp} is said to be linearly 

independent if

C\H\ + · · · + C(FI(i =  0, C\,. . . ,  q  Є R,

implies that C\ =  · · · =  q  =  0.

The set of metric tensors {H\,.. . ,  Hp} is said to be a complete set if any metric tensor H can 

be written as

H =  C\H\ + · · · + cpHp, C\,... ,Сц Є R.

More precisely, the number of linearly independent metric tensors in a complete set of metric 

tensors of a Riemannian manifold is called the index of the Riemannian manifold [17, p. 413]. 

Therefore the existence of a second order parallel symmetric tensor is very closely related 

with the index of Riemannian manifolds. Then in 1968, Levine and Katzin [8] proved that 

the index of an n-dimensional conformally flat manifold is n(n + 1)/2  or 1 according as it is a
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flat manifold or a manifold of non-zero constant curvature. In 1981, Stavre [14] proved that if 

the index of an «-dimensional conformally symmetric Riemannian manifold (except the four 

cases of being conformally flat, of constant curvature, an Einstein manifold or with covariant 

constant Einstein tensor) is greater than 1, then it must be between 2 and n -1-1. In 1982, Starve 

and Smaranda [16] found the index of a conformally symmetric Riemannian manifolds with 

respect to a semi-symmetric metric connection of Yano [22]. In the recent paper [18] author 

and Tripathi studied the index of quasi-conformally symmetric, conformally symmetric and 

concircularly symmetric semi-Riemannian manifolds with respect to any metric connection 

and discussed some applications.

The index of the conformally flat and conformally symmetric (with respect to the Levi- 

Civita connection, semi-symmetric metric connection of Yano [22] and metric connection) 

(semi-)Riemannian manifolds were studied by many authors [8,14,16,18]. Apart from con- 

formal curvature tensor, the projective curvature tensor is another important tensor from the 

differential geometric point of view and the pseudo-projective curvature tensor is a general­

ized case of projective curvature tensor. A real space form is always pseudo-projectively flat 

and a pseudo-projectively flat manifold is always pseudo-projectively symmetric. But the con­

verse is not true in both cases. The study of manifolds with semi-Riemannian metrics is of 

interest from the stand point of physics and relativity and have been studied by several au­

thors. Motivated by these studies, in this paper we study the index of pseudo-projectively 

symmetric and projectively symmetric semi-Riemannian manifolds with respect to the metric 

connection V. The paper is organized as follows: In Section 1, we give the preliminaries about 

the index of a semi-Riemannian manifold and Ricci-symmetric metric connection. In Section

2, the definition of the pseudo-projective curvature tensor in terms of projective curvature ten­

sor and concircular curvature tensor with respect to a metric connection V are given. We also 

obtain a complete classification of V-pseudo-projective flat (in particular, pseudo-projective 

flat) manifolds. In Section 3, we find out the index of V-pseudo-projectively symmetric and 

V-projectively symmetric semi-Riemannian manifolds. In the last section, some applications 

in theory of relativity are discussed.

1 P r e l im in a r ie s

Let M be an n-dimensional differentiable manifold. Let V be a linear connection in M. 

Then torsion tensor T and curvature tensor R of V are given by

T (X, Y) =  V XY - V YX, R(X, Y)Z =  Vx V YZ - V Y VxZ - V [x,y]Z.

By a semi-Riemannian metric [10] on M, we understand a non-degenerate symmetric (0,2) 

tensor field g. In [17], a semi-Riemannian metric is called a metric tensor, a positive definite 

symmetric (0,2) tensor field, that is, Riemannian metric is called a fundamental metric tensor 

and a symmetric (0,2) tensor field g of rank less than n is called a degenerate metric tensor.

Let (M,g) be an n-dimensional semi-Riemannian manifold. A linear connection V in M 

is called a metric connection with respect to the semi-Riemannian metric g if Vg — 0. If the 

torsion tensor of the metric connection V is zero, then it becomes Levi-Civita connection V, 

which is unique by the fundamental theorem of Riemannian geometry. If the torsion tensor 

of the metric connection V is not zero, then it is called a Hayden connection [6,23]. Semi-

symmetric metric connections [22] and quarter symmetric metric connections [4] are some 

well known examples of Hayden connections.

For a metric connection V in an «-dimensional semi-Riemannian manifold (M,g), the cur­

vature tensor R with respect to the V satisfies the following conditions

R (X/ Y, Ζ, V) + R(Y, X, Ζ, V) — 0, (1)

R (X, Y/ Ζ, V) + R (X, Y, V, Z) =  0, (2)

where

R (X ,Y ,Z ,V ) =  g(R(X ,Y ) Z,V).

Let {e\,...,en} be any orthonormal basis of vector fields in the manifold M. The Ricci ten­

sor S and the scalar curvature r of the semi-Riemannian manifold with respect to the metric

connection V is defined by

S (X, Y) =  £ R ( e i,X /Y,ei) , r =  £ S (e ; ,<?,·). 
i=l 1=1

The Ricci operator Q with respect to the metric connection V is defined by

S(X,Y) =g(QX ,Y).

Define _

eX =  Q X -  -X  
n

and

E (X ,Y )= g (e X ,Y ).

Then

The (0,2) tensor E is known as tensor of Einstein [15] with respect to the metric connection V.

S is symmetric if and only if E is symmetric.

Definition 1 ([18]). A metric connection V with symmetric Ricci tensor S is called a Ricci- 

symmetric metric connection.

For more details about Ricci-symmetric metric connection see [18].

Definition 2 ([18]). Let (M ,g) be an n-dimensional semi-Riemannian manifold equipped with 

a metric connection V. A symmetric (0,2) tensor field H, which is covariantly constant with 

respect to V, is called a special quadratic first integral (for brevity SQFI) [7] with respect to 

V. The semi-Riemannian metric g is always an SQFI. A set of SQFI tensors {H i,. . . ,  Hg} with 

respect to V is said to be linearly independent if

c \ H \ C g H g  — 0, Ci,. . . , q  Є R,

implies that ci =  ■ · · =  eg =  0.

The set {H j,. . . ,  Hg} is said to be a complete set if any SQFI tensor H with respect to V can 

be written as H =  C\Hi + ■ — f- CgHg, C\,. . . , eg Є R.

The index [ 17] of the manifold M with respect to V, denoted by i^, is defined as the number 

ί of members in a complete set {H i,. . . ,  Hg}. Hence the index iy of the manifold M  with 

respect to the metric connection V is the maximum number of linearly independent SQFI in a 

complete set of SQFI.



2 P s e u d o -p r o je c t iv e  c u rv a t u r e  t e n s o r

Let (M, g) be an n-dimensional (n > 2) semi-Riemannian manifold equipped with a metric 

connection V. The projective curvature tensor V with respect to the V is defined by [3, p. 90]

V(X, Y, Z,V) =  R (X, Y, Ζ, V) - - ^- (S  (Y, Z) g(X, V) - S (X, Z) g(Y, V)), (3)

and the concircular curvature tensor Z  with respect to V is defined by ([21], [24, p. 87])

Z (X ,Y ,Z ,V ) =  R (X ,Y ,Z ,V )~  - r_  (g (У, Z) g (X, V) - g (X, Z) g (У, V)). (4)

As a generalization of the notion of projective curvature tensor and concircular curvature ten­

sor, the pseudo-projective curvature tensor V¥ with respect to V is defined by [12]

V* (X, Y, Ζ, V) =  aR (X, У, Ζ, V)

+ Ь (s (Г, Z) g (X, V) - S (X, Z) g (У, V )) (5)

- ̂  ( ^ T  + b) (g (У, Z) g (X, V) - g (X, Z) g (У, V)),

where й and are constants. In fact, we have

V* (X, У, Ζ, V) =  — (n - l)b P  (X, У, Ζ, V) + (fl + (n — l)b)Z  (X, У, Z, V ) .

Since, there is no restrictions for manifolds if a =  0 and b =  0, therefore it is essential for us to 

consider the case of а φ 0 or b φ 0. From (5) it is clear that if a =  1 and b =  — 1/ (η — 1), then 

V* =  V; and if a =  1 and b =  0, then V* — Z.

Now, we need the following

Definition 3. A semi-Riemannian manifold (M ,g ) equipped with a metric connection V is 

said to be:

(a) V-pseudo-projectively flat ifV* =  0;

(b) V -projectively flat if V =  0;

(c) V -concircularly flat if Z  =  0.

In particular, with respect to the Levi-Civita connection V, V-pseudo-projectively flat, V- 

projectively flat and V-concircularly flat become simply pseudo-projectively flat, projectively 

flat and concircularly flat respectively.

Definition 4. A semi-Riemannian manifold (M ,g ) equipped with a metric connection V is 

said to be:

(a) V-pseudo-projectively symmetric if V V* =  0;

(b) V -projectively symmetric if VV =  0;

(c) V-concircularly symmetric if V Z  =  0.

In particular, with respect to the Levi-Civita connection V, V -pseudo-projectively symmetric, 

V -projectively symmetric and V -concircularly symmetric become simply pseudo-projectively 

symmetric, projectively symmetric and concircularly symmetric respectively.

Theorem 1. Let M  be a semi-Riemannian manifold of dimension n greater than 2. Then M  is 

V-pseudo-projectively flat if and only if one of the following statement is true:

(i) а + (n — 1 )b  =  0, а φ 0 Ф b and M  is V-projectively flat;

(ii) а + (n — l ) b  φ 0, а φ 0, M  is V-projectively flat and V -concircularly flat;

(iii) а + (n — 1 )b  Ф 0, а =  0 and Ricci tensor S with respect to V satisfies

s - ~ g  =  0, (6)

where r is the scalar curvature with respect to V.

Proof. Using V* =  0 in (5) we get

0 =aR (X, У, Ζ, V) + b(S (У, Z) g (X, V) - S (X, Z) g (У, V)) 

r (  a 

n \n
( ^ 7J + b )  (g (y < Z )g (X ,V )  - g (X ,Z ) g ( Y ,  V )) ,

(7)

from which we obtain _
/  —  Y \

(8)(e + (n- l)b )  = 0.

Case 1. a + (n — 1 )b =  0 and а φ 0 φ b. Then from (5) and (3), it follows that (n — 1 )b V =  0, 

which gives V =  0. This gives the statement (i).

Case 2. a + (n — 1 )b Φ 0 and а φ 0. Then from (8), we have

S ( Y ,Z ) = r-g(Y,Z). (9)

Using (9) in (7), we get

a(R (X, У, Ζ, V) - (g(Y,Z)g(X, V) - g(X, Z)g(y, V ))) =  0. (10)

Since а φ  0, then by (4), we get Z  =  0 and by using (10), (9) in (3), we get V =  0. This gives the 

statement (ii).

Case 3. a + (n — 2)b φ 0 and a =  0, we get (6). This gives the statement (iii). Converse is 

true in all cases. □

Corollary 1. [19] Let M  be a semi-Riemannian manifold of dimension n greater than 2. Then 

M  is pseudo-projectively flat if and only if one of the following statement is true:

(i) а + (n — l)b =  0, а φ  0 φ  b and M  is projectively Rat;

(ii) а + (n — l)b Ф 0, а φ  0, M  is real space form;

(iii) а + (n — l)b Ф 0, а =  0 and M  is Einstein manifold.



3 Index of pseudo-projective symmetric manifolds

Let (M,g) be an n-dimensional semi-Riemannian manifold equipped with the metric con­

nection V and R be the curvature tensor of M  with respect to the metric connection V. The 

integrability condition for the SQFI H is given by

H ((V UR )(X ,Y )Z ,V )+ H (Z ,(V UR )(X ,Y )V )=  0. (11)

Therefore, the solutions H of (11) is closely related to the index of pseudo-projectively sym­

metric and projectively symmetric semi-Riemannian manifolds with respect to the V.

Lemma 1. If (M, g) be an n-dimensional semi-Riemannian V -pseudo-projectively symmetric 

manifold and n > 2, b Φ 0. Then

trac e(V(j£) =  0,

where U is an arbitrary vector field.

Proof. Using (1) in (5), we get

V* (X, Y, ζ , V) =  aR (X, y, Ζ, V) + b(E (Y, Z) g (X, V) — Ε (X, Z) g (Y, V)) 

dr
n { n _ ^ ( s ( Y - z ) g ( x . v ) - g ( x , z ) g ( Y , v ) ) .

Taking the covariant derivative of (12) and using V цР* =  0, we get

-a(V UR) (X, Y,Z,V) =  b ( (■VUE) (Y, Z) g (X, V) - ('VUE) (X, Z) g (Y, У

(12)

~ (13)

(Vu7)“ (g (Y ,Z )g (X ,V )- g (X ,Z )g (Y ,V )) .
n (n — 1)

Contracting Y and Z in (13) and using the condition (1) and (2), we have

-a(V US) (X, V) =  b trace(Vu£)g (X, V) - (Vu £) (X, V)

(Vir7)a (14)
- (X, V ).

n

Taking X =  У =  ey in (14), we obtain

b{n — l)trace(V(j£) =  0, 

trace(V;j£) =  0, (since Ь Ф 0 and n > 2).
(15)

□
Theorem 2. Let (M, g) be an n-dimensional semi-Riemannian V -pseudo-projective symmetric 

manifold with n > 2 and b φ 0, then the equation (11) has maximum number of solution and 

consequently і у — \n(n — 1).

Proof. Using (13) and (11), we find

0 = &((’VUE) (Y, Ζ) Η (X, V) - (V UE) (X, Ζ) Η (Y, V)

+ (V UE) (Y, V) Η (X, Z) - (VuE) (X, V) Я  (Y, Z))

fliVirr) (16)
- (z -У) H (x , F) - ? (z , X) H (У, V)

+ y (V ,Y )H (X ,Z )- g (V ,X )H ( r ,Z ) ) .

Taking X =  Z =  ег· in (16) and using (15), we get

b(H ((Vue)Y,V) - H ((y ue)V, Y) + (VUE) (V, Y) trace(H))

=  ^ r ^ ( - n H (Y ,F )+ g (Y ,F ) l r a c e (H ) ) .  (17)

Interchanging У with Y in (17) and then subtracting the resulting equation from (17), we obtain

H ((V ue)Y,V) =  H ((V ue)V,Y). (18)

Using (18) in (17), we get

b(VuE)(y ,Y) =  ^ ( g ( Y , v ) - - ^ H ( Y , V 0 ) .  (19)

Now, interchanging X with Z, and Y with V in (16) and taking the sum of the resulting equa­

tion and (16) and using (19), we see that the equation (11) is satisfied identically. Thus the 

equation has the maximum number of solutions for a V-pseudo-projective symmetric semi- 

Riemannian manifold. Consequently, M  admits the maximum number of linearly independent 

SQFI. So, the index of a V -pseudo-projectively symmetric semi-Riemannian manifold is

1
i f  =  - n (n - I ) .

□
Corollary 2. If (M ,g) is an n-dimensional semi-Riemannian V -projectively symmetric mani­

fold, then the equation (11) has maximum number of solution and consequently

i f  =  i n ( n - l ) .

4 Conclusion

A semi-Riemannian manifold is said to be decomposable [17] (or locally reducible) if there 

always exists a local coordinate system (V) so that its metric takes the form

ds2 =  Σ  gabdxad x b +  E  g ^ d x adxP , 

a,b=\ α,β=τ+1

where gai, are functions of x1, . . . ,  xr and g ^  are functions of xr+1, . . . ,x n. A semi-Riemannian 

manifold is said to be reducible if it is isometric to the product of two or more semi-Riemannian 

manifolds; otherwise it is said to be irreducible [17]. A reducible semi-Riemannian manifold is 

always decomposable but the converse need not be true.

The concept of the index of a (semi-)Riemannian manifold gives a striking tool to decide 

the reducibility and decomposability of (semi-)Riemannian manifolds. For example, a Rie­

mannian manifold is decomposable if and only if its index is greater than one [17]. Moreover, 

a complete Riemannian manifold is reducible if and only if its index is greater than one [17]. A 

second order (0,2)-symmetric parallel tensor is also known as a special Killing tensor of order 

two. Thus, a Riemannian manifold admits a special Killing tensor other than the Riemannian 

metric g if and only if the manifold is reducible [2], that is the index of the manifold is greater



than 1. In 1951, Patterson [11] found a similar result for semi-Riemannian manifolds. In fact, he 

proved that a semi-Riemannian manifold (M,g) admitting a special Killing tensor Kjj, other 

than g, is reducible if the matrix (Ku) has at least two distinct characteristic roots at every point 

of the manifold. In this case, the index of the manifold is again greater than 1.

By Theorem 2, we conclude that a V-pseudo-projectively symmetric Riemannian manifold 

(where V is any Ricci symmetric metric connection, not necessarily Levi-Civita connection) is 

decomposable and it is reducible if the manifold is complete.

It is known that the maximum number of linearly independent Killing tensors of order 2 

in a semi-Riemannian manifold (M n,g ) is j^nin + 1 )2(n -f 2), which is attained if and only 

if M  is of constant curvature. The space of constant curvature and projectively flat space are 

identical classes. Therefore the maximum number of linearly independent Killing tensors of 

order 2 in a semi-Riemannian manifold (Mn,g) is ^п(п + 1 )2(n + 2), which is attained if and 

only if M  is projectively flat. The maximum number of linearly independent Killing tensors 

in a 4-dimensional spacetime is 50 and this number is attained if and only if the spacetime 

is of constant curvature [5] or projectively flat. But spaces of constant curvature do not admit 

special quadratic first integrals. From Theorem 2, we also conclude that the maximum number 

of linearly independent special Killing tensors, that is, SQFI in a 4-dimensional spacetime is 6.

From the physical point of view Killing tensors are important because they provide quad­

ratic first integrals of the geodesics. It is shown that [1] the special quadratic first integrals 

can be written as the sum of products of two linear first integrals only if the space admits a 

covariantly constant vector. Therefore special quadratic first integrals are useful in the analysis 

of the geodesics of given relativistic space-times possessing groups of motion of order less 

than or equal to 2.

The charged Kerr solution with or without cosmological constant admits a quadratic first 

integral which is irreducible provided the angular momentum parameter is not zero [20]. But 

this quadratic first integral is not special [1].
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Вступ

C. Мандельбройт (див. [1-3]) одержав теорему, яка стверджує, що коли функція /  

належить простору L1 на одиничному колі, показник збіжності її спектру λ менший оди­

ниці і для кожного р > λ (1 — Л)_1 виконується

ε

J\f(relt)\dt =  0 (ехр(-£~р)), ε —» 0,

о

то /  ξ  0. Інакше кажучи, якщо функція із простору L1 має досить "негустий" спектр, 

то вона є тотожнім нулем. Це можна інтерпретувати також як твердження про те, що 

функція та її перетворення Фур'є не можуть одночасно бути дуже малими. Такого типу 

твердження відомі також як "принцип невизначеності в гармонічному аналізі" і отрима­

ли досить повний виклад в монографії [3]. Метою цього дослідження є отримання твер­

дження про наслідування поведінки на дійсній півосі суми функцій кожним з доданків 

при певних умовах на ці функції та їх перетворення Лапласа (чи Фур'є).

1 ОСНОВНИЙ РЕЗУЛЬТАТ

Введемо позначення ^ =  {z : Rez < 0, ос < Imz < β}, D* β =  C\Da ̂ , ос <  β. Через 

Ер [Da,β] та Е* [Dufi], 1 < p <  +οο, позначимо простори функцій / , аналітичних відповідно 

в DUitз і ϋ*  β, для яких

sup < > < +00,

(с) Дільний В.M., Війчук Т.І., 2015

де супремум береться за всіма відрізками 7 , що лежать відповідно в ΰ α β і D* β. Фун­

кції /  з цих просторів мають майже скрізь [4] на dDa кутові граничні значення, які ми 

теж позначаємо через f(z) і /  Є LP[dDâ ]. Також для фіксованого σ  > 0 позначимо

D i D —2(7,0/ =  ^ —2σ,0' ° 3  Do,2(7, D3 =  Dq 2σ·

Теорема 1. Нехай

+оо

qj(w) =  - j =  J Qj(x)e~xwdx,j Є {1;3}, (1)

o

1η|Ω,·(χ)|
lim --- =  - 00, j  є {1;3}, (2)

x->+° 0 X

(Ωι(χ) + Π 3(χ)) eax]nx Є L2(0; +00), a > 0, (3)

причому q\, q3 є такими цілими функціями; що q\ Є El[D\}, q$ Є Е2[Оз]. Тоді для ко­

жної незростаючої функції κ  : (0;+оо) —> (—оо;0), такої що я  (х) =  О(х), х —>■ +оо, при 

деякому с Є IR
/ ч Γ Π κ(χ) Ί

(4)Пг(х) Є L2(0}+Oo)eCZeX>C(X'> exp a ) I  ,

Пз(х) Є L2(0;+оо)еС2е ^ д:̂ exp | ·

Умови (2) і (3) зустрічаються в теорії циклічних функцій у вагових просторах Гарді [7]. 

Нижче показано, що умова (2) є істотною в теоремі 1. Нам не відомо, чи можна послабити 

інші умови на функції Ωι, Ω 3 або їх перетворення Фур'є.

2 ДОВЕДЕННЯ ОСНОВНОГО РЕЗУЛЬТАТУ

Б. Винницький [5] розглянув простір н£(С+),<т > 0 ,1  < р < +°о, аналітичних в 

С+ := {z : Rez > 0} функцій, для яких

-l-оо

sup J [ \f(rei<p) ІРе~РгсгІsin ‘Plrfr 

-ί<9<ί і о

і / р

< +00.

Функції з цього простору мають майже скрізь на Ж  кутові граничні значення, які також 

позначаємо через /  і /(/у)е_сгІУІ Є I/(1R). Для випадку σ =  0, як показав А.М. Седлецький 

в [11], Н^(С+) співпадає з простором Гарді в правій півплощині НР(С+).

Лема 1 ([5]). Рівність

G(z) =  -4= J g(w)ezwdw

π 3Όσ

визначає біекцію між просторами Н2(С+) 9 GiEl[D<j] 3 g. Також справджується двоїста 

формула
+оо

g(n) =  -/== /  G(x)e~xwdx.

о

http://www.journals.pu.if.ua/index.php/cmp


Зауважимо, що в формулюванні теореми 1 умови q\ Є E2[Di], <73 Є £*[Е>3] можуть бу­

ти замінені еквівалентними їм внаслідок леми 1 умовами Cli(z)e~tcrz Є Н 2(С+), 

Ω 3( ζ ) ^ ζ Є Н 2(С+).

Доведення теореми 1. З леми 1 випливає, що для функцій, визначених рівністю (1), при 

виконанні умов eft Є E2[D]], q3 Є E*[D3] справджуються рівності

Ω;·(ζ) =  7 J  qj(iv)ezwdw, j  Є {1;3}.

3D;-

Покажемо, що функція є цілою. Справді, з умови (2) маємо, що |Ωι(χ)| =  ехі(х\ при­

чому η(χ) —> —оо при х —> —оо. Тому інтеграл в правій частині рівності (1) при j =  1 

збігається абсолютно і рівномірно на кожному компакті з С. Аналогічно з умови (2) ма­

ємо, що — ціла. Розглянемо функцію Ω 2 =  —Ωχ — Ω 3. Тоді визначимо q2 рівністю (1), 

поклавши в ній j =  2. Легко бачити, що на множині визначення функцій справедлива 

рівність q2 =  — q\ — q$ і тому ^2 — теж ціла. Звідси одержимо зображення

Ωχ(ζ) =  - \—  f  (q2(w) + q3(w))ezwdw.
i\J2n J 

dDi

Але за означенням просторів маємо Е  ̂[D3] С E2[Di], тому q3 Є E2[Di]. З цього випливає, 

що q3(w)ewz Є Е1 [Di] для кожного ζ Є С+, тому з [9] одержимо

J  q3(w)ezwdw =  Ο,ζ Є С+.

dD\

Звідси маємо

Ωχ(ζ) = ---j =  [ q2(w)ezwdw.
iy/ ΐ π  J

dD j

Оскільки, як відмічено вище, q2 є цілою функцією, то і функція q2{iv)ezw — ціла для ко­

жного ζ Є С+. Тому вона аналітична в замиканнні кожного прямокутника 

М х(ж) := {w : w Є D i, Rez > х(х)}. Скориставшись інтегральною теоремою Коші для 

Мх(ж)' маємо

J  q2(w)ezwdw =  0.

Тому для кожного ζ Є С+ справджується формула

Ωχ(ζ) = ---\= [ q2(w)ezwdw,z Є С+.
ΖΛ/27Γ Vі\[2п

HDi\ΜκΜ)

Звідси для х > 0 маємо

Ι Ω ι W I  <  /  Ι ^ Η ΐ ^ ΐ ί Η  =  + 1 2  +  / з ) ,
7Г3(Е>1\Мх(ї)) “/Т

де w =  u -f iv, к < 0. З властивостей просторів E2 [Da β] випливає [5], що q\ (и — На) Є 

L4 —оо;0) і q3(u — 2га) Є L2(—оо;0). Тому також q2(u — 2іа) Є Е2(—оо;0). Тоді з нерівності 

Шварца, врахувавши, що q2{u — 2/(7) Є L2(—оо;0), для х > 0 одержимо

ж(х) / х(х) >ί(χ)

ii =  J  \q2(u — 2ia)\exudu < I J  \q2(u — 2ia)\2du ■ J  elxudu

<
,2 , exp (2xx(x))J  Iq2(u - 2/(7) |2rfu · ~ Ґ | =  1L· exp (χκ (χ)).ci_

y f i '

Аналогічно одержимо нерівність

Φ )

Із— / \q2(u)\exlldu < exp (xx(x)), x > 1. 
J \ x

Далі, скориставшись теоремою Фубіні, маємо

0 0 +00

І2 — J  |ij2(x(x) +  iv)\exx^ d v  — exp (хх(х)) J  v L =  J  Ω.2(ΐ)β~^κ^ +ιν̂ άί

-2σ -2σ 0
dv

<

<

exp (xx(x)) 

л/2тг

0 + 0 0

/  /  |П2«)

-2(7 0

exp(xx(x)),

V2n

/ +00 +00 \

2σ j J  \n2{t)eat]nt\2dt ■ J  e-2atXnt~2t*Wdt

. / / чч / i *(* ) \ / 2я λ 2
< Сз exp (xx(x)) ( exp > exp < — e “

=  C3 exp |xx(x ) — C4>i(x) + ^e I  .

Передостанній перехід випливає (див. [8, c. 323]) з асимптотичної рівності

+ 00 __

J  e- 2 a t \ n t - 2 t x ( x ) еХр j  — j  exp ^~~е ^  | (1 + θ(1)), X -> + 0О.

Тому для деяких невід'ємних сталих С5, сб маємо

|Ωχ (x) j < θ56χκ^ ~ €6κ̂  ехр ^  j  , х > 0,

з чого випливає перша з доводжуваних формул, а друга доводиться аналогічно.

(5)

□

З Аналіз осн овн ої теореми

Цікавим для застосувань є випадок, коли останній множник в (4) дає незначний вклад 

в оцінку. Зокрема, коли κ(χ) =  j f  ln x і а — можна одержати точніше твердження.



Теорема 2. Нехай виконуються умови (2) та (3), причому q\ Є El[D\\, qз Є Е*[Дз]. Тоді 

знайдеться таке с Є R , що

П і(z)e~icrze%z]nze~cz Є Н2(С+), n 3(z)eil7z^ 2lnze-c2 Є Н2(С+), 

де In ζ — головне значення логарифма в С+.

(6)

Аоведення. Скористаємось теоремою типу Фрагмена-Ліндельофа (див. [9,10]) для функ­

ції φ-\ (ζ) =  Ωχ (z) exp { — ̂ §z In z} e~l(TZe~C5Z. Справді, з (5) одержимо ψι(χ)ε~εχ Є L2(0;+oo), 

ε > 0. Оскільки також за умовами теореми і лемою 1Ω|(ζ)β_,σζ Є Н 2(С+), то для кожного 

7 Є ( 1;2]
+00
r 2 1(Ve > 0) : sup <

M <f
I
1 0

9i(reP) exp {—ε?-7} dr

Легко бачити також, що ψ\ Є L2[iR]. З цього випливає, що <р\ Є Н2(С+). Цим доведено 

виконання першої з умов (6), а друга доводиться аналогічно. □

Зауваження 1. Теорема 1 перестає справджуватися, якщо опустити в ній умову (2).

Аоведення. Розглянемо функцію f(w) =  exp(-e~%w)ew. Очевидно, /  Є E2[D(t], Позначи­

мо

Fj(z) =  —ψ= J  f(w)e Wzdw, j Є {1;2;3},
V2n

4

де l\, І2, h — сторони όΌσ (відповідно півпряма, що лежить під дійсною віссю, відрізок 

[—ісг, ісг] і півпряма, що лежить над дійсною віссю), орієнтація яких узгоджена з додатнім 

обходом dDcr. За теоремою Пелі-Вінера функція Т2 належить простору Пелі-Вінера W2, 

тобто є цілою функцією, для якої виконується умова

sup <
0<φ<2η

+м

I  \F2(rei(l))\pe~prcr\sin<p\dr 

, 0

Також позначимо Ω ;(ζ) =  exp (- —-zlogz) Fj(z), j Є {1;2;3}. Тоді теж будемо мати П2 =  

—Ωι — Ω 3 і тому умова (3) виконується. Також справджуються зображення

Ω 1( ζ ) = βχρ ( - ^ z lo g z )  J  exp e^e-^-^du,
—  ОО 

—оо

Ω 3(ζ) =  exp ^-zlogz^ J  exp eU+i<Te ^ U+î Zduf

тобто

В [6] показано, що для деякої сталої с Є R  виконується Qi(z)elcrze~cz Є Н 2(С+), 

Пз(г)е~Ш2е~С2 Є Н2(С+). Тому з леми 1 випливає, що Ωχ і Ω 3 задовільняють всім умо­

ви теореми 1 крім, можливо, умови (2). Але (див. [7]) для цієї пари функцій твердження 

теореми не справджується. Отже, для них умова (2) не виконується. □

4  В и с н о в к и

Нами одержано оцінки на дійсній осі для пари функцій при незначних обмеженнях

(2) на кожну з них та жорстких обмеженнях на їх суму (3). Показано, що для часткового 

випадку κ(χ) =  ^  Inx, a =  ~  кожна з функцій в певному сенсі наслідує поведінку суми 

на дійсній осі. Також одержано оцінки вказаних функцій у правій півплощині. Вказано 

на істотність умови (2) теореми 1. Одержані результати можуть бути використані в теорії 

аналітичних функцій, зокрема при дослідженні просторів типу Гарді.
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SOME PROPERTIES OF BRANCHED CONTINUED FRACTIONS OF SPECIAL FORM

The fact that the values of the approximates of the positive definite branched continued fraction 

of special form are all in a certain circle is established for the certain conditions. The uniform con­

vergence of branched continued fraction of special form, which is a particular case of the mentioned 

fraction, in the some limited parabolic region is investigated.
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I n t r o d u c t io n

Several works are devoted to the establishment of different properties of branched contin­

ued fractions (BCF) of special form. For example, [1] is dedicated to the investigation of BCF 

with real positive and complex elements, [4] — to 1-periodic BCF of special form, [2] — to 

functional BCF with nonequivalent variables and BCF of special form with complex variables, 

[6] — to positive definite BCF of special form.

In this paper, using a representation of the approximants of BCF of special form (defined 

in [6]) through composition one- and two-dimensional fractional-linear maps, we have estab­

lished that under certain conditions the values of the approximants of the positive definite 

BCF of special form

Фо +------------^----—2----  фр = -h:— - з - · рг°- d)
Ьоі + 201 - Фі + D bn + “°,-φ blp + zlp + D-,s_2 Os ^Os r_2 &rp ~b Zrp

where ars, r > 0, s > 0, r φ 1, r + s > 2, brs, r > 0, s > 0, r + s > 1, are complex numbers, zrs, 

r > 0, s > 0, r + s > 1, are complex variables, are in a certain circle. Moreover, we investigated 

the converges uniformly of the BCF which is a particular case of the positive definite BCF of 

special form in the some limited parabolic domain.

1 P ro p e r t ie s  o f  BCF o f  s p e c ia l  f o r m

We show that under certain conditions the values of the approximants of the positive defi­

nite BCF of special form (1) are in a certain circle. For this we prove the following lemma.

©  Dmytryshyn R.I., 2015
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at
tr,s—l(^ V + l,s —l )  — ^r,s—1 %r,s—1 / ^Os ( ^ ls / ^ 0 ,s + l ) — ^0s "t" ^Os

a

^ V + l,s —1

___ _ 0/S 4-1

Щ s ^ 0,s+1'

where r > 1, s > 1, and let

yoi =  Im zoi > 0, y-[s =  Im z\s > 0, yrs =  Im zrs > 0, r > 0, s > 0, r φ 1, r + s > 2,

βΤ8 =  Im brs > 0 , 0 < grs < l,r  > 0,s > 0,r + s > 1, (2)

ars =  (Imflrs)2 5: /̂ rŝ r+<5ro-l,s-<5ro(̂ ‘ ~~ SV+<5rt)-l,s—<5ro)&rS/ r — ®/S — Г ^  r S — 2'

where 6pq is the Kronecker's delta. If Im a;i;S+i > j6i,s+igi,s+i,

Im WrSro+ij+Sro ^  βτ-Sro+u+Sogr-Sro+u+Sro' where r > 0, s > 0, r + s > 1, then

Im trs(lVr±i/S) > βrsgrs "1“ yrs/  ̂^  1/ s > 0, 

Im t0s(wis/w0,s+i) > β0sg0s + yos, s > 1.

(3)

(4)

Proof. The validity of the inequalities (3) follows from [5, Lemma 17.1]. We show that the 

inequalities (4) are valid. It is obvious that for arbitrary s, s > 1, provided that β-isgis + yis > 0 

the image of half-plane Im w\s > β-isgis + yis under the transformation t — is the circle

+
W\s 2(^lsgls +yis)

<
2(^lsgls + yis)

Hence Im (1/wis) < 0. Let all yos > 0. By the lemma for arbitrary s, s > 1, we have

Τ \  n  ^Os(l-gOs) ^
Im i% +i > £0,s+igo,s+i—------· ... - >

aO,s+1

βΰε (1 — gOs ) + yOs βθβ (1 “  gOs ) + yOs

Therefore,

^Ο,β+Ι +
їйO,s+1

2(^0s(l - gOs) + yos)

or

^ 0,s+l
+

«0,S+1 2 (^ (1  - gos) + 3/0s)

>

>

40,s+l I

2(/3os(l - gOs) +yos)

_________ 1_________

2(^0s(l -  gOs) +y0s)
(5)

The image of (5) under the transformation w = 1/z is the half-plane

Im
й0,s+l

^ 0,s+l

Next, for arbitrary s, s > 1, we have

< ^0s(l - gOs) +yos-

c?~
Im t0s(wlsr w0/S+i) =  βοβ + yos - Im ----Im 0,5+1 > βο8 + yos - Im 0,5+1 >

^ls ^ 0,s+l Ii;0,s+1
βosg0s■

я2
Going to the lim it in the last inequality for yos —> 0, we obtain βο5 — Im > βosgos■ Thus,

2

Im t0s(wls/ ii70<s+i ) =  βο8 + yos - Im  ̂  - Im > βosgos + yos, which had to be proved. □
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Since the images of half-planes Im W\q > β-iogw + ую and Im ш0і > /?oigoi + yoi under the 

transformation t =  to(w) =  1/w is respectively circles (nested or coincide)

1
t +

2(βΐ0#10 +  Ую)
<

2(βιο#ιο + У10Г
ί +

2(βοι#οι +У01)
<

2(^οι^οι + Уоі)

for βιogw + Ую > 0, βolgol + Уоі > 0, then the image of transformation

1 1
t =  t0{ww,w0i) = --- 1---

Що lOoi

is the circle

t Κβιο8ιο + Ую + βolgoι + yoi) < βwgw + Ую + fagOl + 3/01 

~~ 2(βΐ0#10+Ую)(/301#01 +У0і ) /2(βιο#ιο + Ую) (βοι£οι +Уоі) 

which we denote by Ko(z), where ζ =  (z10, z01, z20/ Z\\, Z02, ■ ■ ■) is infinite-dimensional vector. 

For arbitrary η, n > 1, we define Kn(z) as the map of the region

lmw\n > β\ng\nr im Wr-Sro+X.s+SrQ ^  r̂-iSro+Ls+iro&r-̂ o+l/S+iW

where r > 0, s > 0, r + s =  n, under the transformation

Tn(wn+1/0/ W„l, ·. ·, w0,„+i) = Φο +
1 я202

&01 + Z01 - Φ" 1 “  bo2 + Z02 - Φ 2 2

a03 _________ Я0,и-1__________  ______________a0n

where

-  Ьоз +  z 03 -  Ф 3 3 ^0,n-l +  ζ 0,π—1 -  Ф^г_ і  1 fl0,n+l
V0n +  ZOn---------------

Win WQfn+l

2 2 2 2
1  a2k a3k an-k,k a n-k+l,kфп-к _  1 u2k “3k "n-k,k n—k+\,k 0 < k < n - I.

k + Zifc — + Z2fc — + Z3jt — — bn_k,k + Zn-k,k ~ wn-k+l,k

Applying lemma 1 and taking into account (3) and (4), we have

K0(z )D K 1(z )D K 2( z )D .. .  (6)

Since (see [3, pp. 15-16]) Tn (00, 00, . . . ,  00) =  f n (z), where /„ (z) is the nth approximant of the

n~j-2

BCF (1), then/„(z) Є Kn(z), n > 1. Hence we prove the following theorem.

Theorem 1. If the conditions (2) holdsi, where

βτ3 > 0, /3lsgis + yis > 0, β οφ ι + yoi > ο, yrs > ο, r > 0, s > 0, r + s > 1,

then the approximants f n (z),n  > 1, of the BCF (1) satisfy the inequalities

^  s  T t Z ' " 2 1 '

In [6] the notion of the nth denominator Bn (z) of the approximant f n (ζ), n > 1, of BCF (1) 

is given. By arguments similar to the proof of the [3, Theorem 4.8], we can show that following 

theorem holds.

Theorem 2. If the conditions (2) holds, where

16rsgrs > 0, r >  0, s > 0, r + s > 1, 

then the denominators Bn( ζ), n > 1, of the BCF (1) are different from zero for

Im zrs > 0, r > 0, s >  0, r + s > 1.

2 P o s i t i v e  d e f i n i t e  BCF o f  s p e c i a l  f o r m  a n d  t h e  p a r a b o l a  t h e o r e m

Putting zrs =  0, brs =  i, r > 0, s > 0, r + s > 1, in BCF (1), we obtain

1 . 1
Фо +

* i - D j

-, Ф е
0s

s=2 І -  Ф 8
> -D ?

-, p >  0. (7)

r=2

Using the equivalent transformation [5, pp. 19-20], we put po =  i, p rs =  i, f  > 0, s > 0, r + s > 

1, and BCF (7) reduce to

—/Фо + ф р =

Ι + Φι + D t
s=2 1

■Os 00 а 2urp

, p >  0. (8)

+ Фя
r=2

Next, putting po =  1/(1 + Φι), Pos — 1/(1 + Φδ+ι)/ s > 1, we reduce the fraction (8) to the 

fraction with partial denominators equal to unity

— i

-г'Фо +
1 + Φι

(9)
0s

1+D
s=2

(1 + Фз-і)(1 + Φβ)

Let

|я25| — Rea2s < -, |д2 I < Μ, M  > 0, r > 0, s > 0, r ф 1, r + s > 2. (10)

Then according to [5, Theorem 18.1] the continued fraction Ф5, s > 0, converges uniformly and 

according to [5, Theorem 14.3] the value of these fractions and of its approximants are in the 

domain |z — 1| < 1, ζ φ 0.

We take an arbitrary s,s > 1. The fraction 1/(1 + Φ8) we write in the form w =  1/(1 + z). 

Hence z =  (1 — w)/w. Since |z — 1| < 1, ζ Φ 0, then

1 — w

w
1 < 1, w φ 1 or |1 — 2w\ < \w\, w φ 1.

Let w =  x + iy. Then

- *2y| < \x + iy\, (1 -- 2x)

\2 2 1 2 1
+ i < - 9. w ~3

< - 
- 3

Thus, the value of the fractions 1 / (1 + <3>s), s > 1, and of its approximants are in the domain 

\w — 2/3| < 1/3, w φ 1.

We put 1/(1 + Φ8) =  rsel(f>s, s > 1. Since the line у = kx touches to the circle 3x2 — 4x + 1 + 

3y2 =  0 for k =  ±1/ y/3, then —Tc/6<cps < n/6, s > 1.

The following inequalities are valid for all s > 2

1

(1 + Φ8_ι)(1 + Φβ)

9 (Pc_1 (0$ 7T , ^  Ti

< cos --- ----, < q>s-i, q>8 < ~jr· (11)



Indeed, let x =  r cos φ, у =  r sin φ. Then the circle equation 3xz — 4x + 1 + 3y2 =  0 in polar 

coordinates we write in the form 3r2 — 4r cos φ + 1 =  0 or

2 cos φ ± J 4 cos2 φ — З 7Г я
r =  —----1--- -------- ί---- , --- <  φ  <  — .з β - ψ - 6

The inequalities (11) are equivalent to the inequalities

2 cos φ$-ι ± y/4 cos2 ys_i - 3 2 cos <ps ± y7!":os2 (ps - 3 < ffs-i + ffs ^

3 3 2

where — π /б < (ps-І/ <Ps < 7Г/6, s > 2.

To prove inequalities (12) is sufficient to show the validity of following inequalities

2 cos <ps_i + л/4 cos2 <ps_i - 3 2 cos φ5 + a/4 cos2 cps — 3 ^  2 <Ps-\ + <ps
---------- -------------------- з - cos 2 ' W

where —π / 6 <  <Ps-i/ Vs < 7г/6, s > 2.

Since γ/4 cos2 φ - 3 < cos φ for - π /6 < φ <  π / 6, then, estimating the top left side of the 

inequality (13), for any - π /б < <ps_i, φΒ <  π /б , s > 2, we have

9 Ψθ — 1
COS (ps_l COS (ps <  COS ------- or COS((j9s_i — (ps) < 1-

That is, the inequalities (13) holds.

Applying relations (10) and (11), for any s > 2 we have

al «’-'(«Ps-l+f’s) 1 j <j?s-l + i>s ті лг
- Re -  0s~— — — < - cos2 rs ‘ y , —7<<Ps-\,<Ps<-7>

(1 +  Φ8- ι )(1 +  Φβ) 2 2 6 6

- < Μ, Μ > 0.
( і  +  Φ 8- ι ) ( ΐ  +  Φ s)

According to [7, Theorem 4.40] the continued fraction

1 + Φι

a0s

1 + A  (1 +Φ5-ΐ)(1 +^5)

s=2 1

converges uniformly. Hence, the fraction (9) converges uniformly too. From equivalence frac­

tions (7) and (9) we conclude that BCF (7) converges uniformly, if the conditions (10) holds. 

Hence, we have, if we change the notation, the following theorem holds.

Theorem 3. BCF

1 1
Φο + ---------53------ ' Φ Ρ = --- τ τ - Γ '

converges uniformly for all ars in the domain

Pm =  (z Є C : |z| - Rez < 1/2, |z| < M}

for every constant M > 0.
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Дмитришин P.I. Аеякі властивості гіллястих ланцюгових дробів спеціального вигляду / /  Карпат­

ські матем. публ. — 2015. — Т.7, №1. — С. 72-77.

Встановлено, що за певних умов значення підхідних дробів додатно визначеного гіллястого 

ланцюгового дробу спеціального вигляду належать деякому кругу та досліджено рівномірну 

збіжність гіллястого ланцюгового дробу спеціального вигляду, який е частинним випадком 

такого дробу, в деякій обмеженій параболічній області.

Ключові слова і фрази: гіллястий ланцюговий дріб спеціального вигляду.
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TWO-SIDED INEQUALITIES WITH NONMONOTONE SUBLINEAR OPERATORS

Theorems on existence of solutions and their two-sided estimates for one class of nonlinear op­

erator equations x =  Fx with nonmonotone operators are proved.

Key words and phrases: two-sided inequalities, extreme solutions, norm.
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Pr o b l e m  st at em en t

While we studying in Banach space E the equation

x — Fx (1)

with the nonlinear operator F : E —» E, in general, the following condition is often used

lim  -Trip =  oi. (2)
||x||->oo 11 x 11

For example, condition (2) for a =  0 satisfies the integral equation

* (0  =  / ( 0  + /  K(t,s)x7(s)ds, 0 <  7  <  1, (3)
J  D

which was studied by M.A. Krasnoselsky [1] (see also references in [1]), B.Z. Vulykh [2],

C.A. Stuart [3] and others. In particular, C.A. Stuart [3] uses the results obtained for equation

(3) while investigating some boundary values problems for equations with partial derivatives.

In the present paper, we apply methods suggested in [4, §8] to the study of equation (1) 

with the operator F satisfying condition (2) under the assumption 0 < a ^  1, which makes it 

possible to get some specification and generalization of respective results from [4, §8]. It also 

allows of applying the obtained results to the equation

x(t) =  f(t) -f  [  K(t,s)xy(s)ds + f Ki(t,s)x(s)ds, 0 < 7 ^  1.
J D J D

1 M a in  results  a n d  t h e ir  e x p l a n a t io n

Definition 1. The norm of the pair of elements from E is ||y,z||, satisfying the following con­

ditions: a ) ify ,z  Є E, the inequalities are ||y|| ^  \\y,z\\, ||z|| ^  ||y,z[j; b) the norm ||y,z||

is monotone when introducing into E x E semiorderedness of pairs (y,z) elements from E, 

generated in this or that way of semiorderedness in E.

©  Kopach M.I., Obshta A.F., Shuvar B.A., 2015

For example, if the norm ||y, z|| is introduced with the help of one of the formulas

Ily, z H =  max{||y||, ||z||} , ||y,z|| =  (||y||p + \\z\\P)f, p > 1, (4)

and the semiorderedness of pairs (y, z) is defined as (y, z) < (u, v) for у ^  u, z^-v or (y, z) ^  

( u , o ) for y ^  u, z ^  v, then conditions a), b) are satisfied. With this semiorderedness, the 

space E x E is a fully regular space if E has this property.

Theorem 1. Suppose that: 1) there are nondecreasing with respect to у and nonincreasing with

respect toz continuous operators Ti(y,z), T2(y, ζ) : Ε x E E, such that

Ti(x,x) =  T2(x, x) =  Fx, x Є E; (5)

2) there exists M  > 0, and from the inequality ||y,z|| > M  it follows that

||Ti(y,z),T2(z,y)|| ^  11 у, z 11; 3) if y,z Є E, then Тг (y,z) ^  T2(y,z); 4) there are elements 

u, v Є E, for which и ^ Т г (u, v), v ^  T2(c, u); 5) simultaneous equations

У =  T\{y,z), z =  T2(z,y) (6)

have no more than one solution; 6) equation (1) has at least one solution. Then the unique 

solution x* Є E of equation (1) satisfies the estimates

Уп ^  Уп-\-1 ^  ^ ^  ^  Zn, Yl 0,1,. . . ,  (7)

where the sequences {y„ }, {z„ } are built with the help of

y0 =  u, z0 =  V, yn+1 =  I i  (y„,z„), z„+i =  T2(zn,y„), n =  0 ,1 ,... (8)

At that the sequences {yn }, {zn } converge in E to x* by the norm.

Proof. Let us prove the inequalities

У0 ^  Уі ^  ^  Уп ^  y«+l ^  · · ·/ Zq ^  Z\ ^  . . . ^  Zn ^  Zn+1 ^  · · · (9)

If n =  0 from conditions 4) and (8) we obtain yo =  u ^  7i(yo,zo) =  yi,zo =  v ^  T2(zo,yo) =  

Z\. Assuming that y„_\ ^  y„, zn_ i ^  zn, based on (8) and 1) we get

Уп+1 =  T\(yn,Zn) ^ Ti(yn—i/Zn—i) — Уп/ zn-f-i =  T2(z„,y„) ^ T2(zn_ i,y M_i) zn.

By induction, we come to a conclusion that the inequalities (9) are valid for any n Є N .

Let us make sure that the sequences {yn}, {zn} are limited by the norm. If starting from

some number n =  N, all the members of the sequence {(y„,z„)} satisfied the inequality

||(y„,z„)|| ^  M, (10)

then the sequence {(y„,z„)} would be limited by the norm, and the sequences {yn}, {zn} 

would be limited by the norm. Assuming that for any N > 0 we have n > N so that

||y„,z„||>M, (11)

let us consider two mutually exclusive cases. Let in the first one exist no more than a finite 

number of the members of the sequence {(yn,zn)}, for which ||y„,zn|| ^  M. Then starting 

from some number n — N inequality (11) holds. In virtue of (8) and condition 2) we obtain

||yN+i,z N+1|| =  ||r1(yN,zN),T2(zN,yN)|| ^  ||y„,z„||.

http://www.journals.pu.if.ua/index.php/cmp


Assuming that ||yN+bzN+A:|| ^  l|]/N+fc-i/zN+it-l II/ we shall similarly find that

ІІЗ/N+fc+l' zN+fc+l II =  \\Tl(yN+bzN+k)fT2(ZN+k,yN+k)\\ ^  WVN+b zN+k\\-

By induction, we come to a conclusion that the sequence {(yn,zn)} and the sequences {yn}, 

{zn} are limited by the norm. Suppose that the sequence {(yn,zn)} has an infinite number of 

members for which inequality (10) holds as well as an infinite number of members for which 

inequality (11) holds. It means that this property pertains to the sequence {yn}, {zn}· Let us 

choose arbitrary щ and n2, n\ < n2, for which, for example, ||уИі|| ^  M, \\уП21| ^  M. Let us 

have П3 so that n\ < n$ < n2 and ||уИз|| > M, from (9) we obtain угц ^  y„3 < y„2. Based 

on Lemma 8.1 [4, p. 37] we get ||y„3|| ^  Цу^Ц + ||y„2|| ^  2M. This proves that the sequence 

{y„ } is limited by the norm. It is similarly proved that the sequence {zn } is also limited by the 

norm. For the fully regular ordered space E, the monotonely nondecreasing sequence {yn} 

and the monotonely nonincreasing sequence {zn}, which are limited by the norm, have limits 

y* and z*, y*, z* Є E, which are components of the solution of system (6). The solution x* Є E 

of equation (1) and equality (5) mean that (x*,x*) is the solution of system (6). Since system 

(6) has a unique solution, then y* = z* =  x*. The proof of the theorem is complete. □

Theorem 2. Suppose that: 1) there are nondecreasing with respect to y, nonincreasing with 

respect to z continuous operators T\(y,z),T2(y,z) : Ε χ E —> E, such that

Τ·ι(χ,χ) ^  Fx ^  T2(x,x), x Є E; (12)

2) conditions 2)-6) of Theorem 1 are satisfied. Then for any solution x* Є E of equality (1) 

we have inequalities (7), where sequences {yn}, {z„} are built with the help of formulae (8). 

Besides, the sequences {yn }, {zn } converge to the components y*, z* of the solution (y*, z*) of 

system (6) and the estimates u ^  y* ^  x* ^  z* ^  v are valid.

Proof. Let us build an iteration process with the help of

ψθ =  ψθ =  Χ*, ψη+ΐ =  Τι(φη,ψ„), ψη+1 =  Τ2(ψη,φ„), η =  0 ,1 ,...,

where χ* is the solution of equation (1). From inequality (12), nondecreasing with respect to у 

and nonincreasing with respect to z properties of operators Ti(y,z), T2(y,z) are observed by

ψθ ^  ψ\ ^  · · · ^  ψη ^  ψη+1 ^  · · ·/ ψθ ^  ψΐ ^  · · · ^  ψη ^  ψη+1 ^  И =  0, 1,. . .

As in the proof of Theorem 1, we find that the sequence { }  converges to its lim it φ* without 

its monotone increase, and the sequence {ipn} converges to its lim it ip* without its monotone 

decrease. At that (φ*,ψ*) is the solution of system (6) and φ* ^  x* ^  ip*. Besides, for the 

sequences {yn}, {zn}/ built with the help of formulae (8), we can fully repeat relevant con­

siderations in the proof of Theorem 1 and reach the same conclusions concerning y*, z* as a

component of the solution (y*,z*) of system (6) and about inequalities (9). The solution of

system (6) being unique, it makes us possible to state that φ* =  у*, ψ* =  ζ*.

The proof of the theorem is complete. □

Theorem 3. Suppose that: 1) condition 1) of Theorem 2 is satisfied; 2) there are linear positive 

relative to w Є E, nondecreasing with respect y, nonincreasing with respect to z operators 

Ai (y, z)w, A2(y, z)w, for which ifx, y, z Є E the following inequalities hold

-Ai(z,y)(z - y) ^  Ti(z,x) - Tx(y,x), T2(x,z) - T2(x,y) ^  A2(z,y)(z - y);

3) there is M > 0, so that from the inequality ||z,y|| ^  M  follows

IIT\(y,z) - (Ai{z,y) + A2{z,y)){z - y), T2(y,z) + (A i(z,y) + A2(z,y))(z - y)|| < ||z,y||;

4) there are u,v Є E, such that

u ^  -(A i(v,u) + A2(v, u)){v - u) + Ti(u,v), v ^  (Ai(v,u) + A2(v,u))(v - u ) '+ T2(v,u);

5) simultaneous equations

у =  - {Ai (z, y) + A2 (z , y)) (z - у) + Ti (y, z), 

z -  (Ai(z,y) + A2(z,y))(z - y) + T2(z,y)

have in Ε χ E no more than one solution. Then if there is a solution of equation (1), it is unique

and the sequences {yn}, {zn} converge to it without increasing and decreasing respectively.

These sequences are built with the help of formulae

yn+1 =  —(Ai(z„,yn) + A2{zn,yn)){zn — y„) + Ti(y„,z„), 

z„+i =  (A i(zn,yn) + A2(zn,yn))(zn - y n) + T2(zn,yn), n =  0 ,1 ,... 

i/yo =  u, Zo =  v. Besides, there are estimates (7).

Proof of the sequences {yn}, {z„} being monotone and limited by the norm in fact follows 

along the lines of respective considerations from the proof of Theorem 1. That's why y„ t  y*, 

zn I  z* (y*,z* Є E), and (y*,z*) is solution of system (13). If x* is the solution of equation (1), 

then (x*, x*) is the solution of system (13), and this system can have no more than one solution. 

The proof of the theorem is complete. □

2 A p p ly in g  l im i t e d  e le m e n ts  t o  e q u a t io n s  in  KN-spaces

Theorem 4. Suppose that: 1) E is KN-space of limited elements and in Ε χ E the norm is 

defined with the help of the first formula from (4); 2) condition 2) of Theorem 1 and condition

1) of Theorem 2 are satisfied; 3) if у ^  z (y,z Є E), then Ti(y,z) ^  T2(z,y). Then there is 

extreme (see, e.g., [4, p. 22]) inE  χ E solution (y*,z*) of system (6), the components of which 

belong to some segment [— а, а] C E, and for any solution x* Є E of equation (1) we have

—a ^  x* ^  a, y* ^x *  ^  z*. (14)

Proof. If we replace condition 2) of Theorem 1 by the condition: if ||y, z|| ^  M  we have

||Ti(y,z),T2(z,y)|| < ||y,z||, (15)

then any solution (y,z), y,z Є E of system (6) is within D =  {(y,z)|||y,z|| < M, y,z Є E} . 

If for some solution (y,z) (y,z Є E) of system (6) we have ||y,z|| ^  M, then from (6) and (15) 

we obtain ||y,z|| =  ||Ti(y,z),T2(z,y)|| < ||y,z||, which is impossible. It allows us to draw a 

conclusion that any solution of system (6) belongs to the segment [—a·,a]. If e is a unit of the 

space E of limited elements, it follows from what has been said that

ІУІ ^  ||y||<? ^  ||y,z||e ^  Me, |z| ^  ||z||e < Wy,z\\e < Me.

Let us denote Me =  ci. Considering obvious inequality —a ^  a, inequality (15) and determina­

tion of domain D, we shall have

|Тг(-й,й)| < IIТі(—я,а), Т2(я, —ci)\\e < || - я,я||е =  Me =  a,



\T2(a, —a) I ^  11 Ti (—a, a), T2(a, —a)\\e ^  || — a,a\\e — Me — a.

This implies that —a ^  T\(—a, a), a ^  T2(a, —a). To prove existence of extreme solution (y*, z*) 

of system (6) on the segment [—a, a], it is enough to use iterations (8) setting u =  —a, v =  a 

in them. As any solution of system (6) has components belonging to the segment [—a, a], we 

draw a conclusion that (y* ,z*) is extreme in E x £ solution of system (6). The proof of the 

theorem is complete. □

Theorem 5. Suppose that condition 1) of Theorem 4, condition 1) of Theorem 2 and condition

2) of Theorem 3 are satisfied. Then there is an extreme inE  x E solution (y*,z*) of system (13), 

the components of which belong to some segment [—а, a] C E, and for any solution x* Є E of 

equation (1), there are estimates (14).

The proof differs from the proof of Theorem 4 unessentially.

R e m a r k

If T-[(y,z), T2(y, z) are fully continuous operators, then for the solution of equation (1) to 

exist, it is enough to satisfy condition 2) of Theorem 1. In this case, the operator generated by 

the right member of (6) w ill turn some sphere S of the radius M  from E x E into compact in 

E x E set D j. Let us choose the number M\ > M  so high that the sphere S\ C E x E contains 

the sphere S, as well as the compact, and therefore limited, set D j. Thus, it turns out that the 

operator generated by the right member of (6), turns the sphere S into itself. Therefore, let us 

apply the Schauder principle.

Obtaining results supplement and specify results [5, §21] (see also references in [5]).
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ON A NECESSARY CONDITION FOR L?(0 < p < 1)-CONVERGENCE (UPPER 

BOUNDEDNESS) OF TRIGONOMETRIC SERIES

In this paper we prove that the condition j (\n̂ \+i)i-p = °(1) (= 0 (1 )), is a necessary

condition for the 1/(0 < p < 1)—convergence (upper boundedness) of a trigonometric series.

Precisely, the results extend some results of A. S. Belov [1].

Key words and phrases: trigonometric series, U —convergence, Hardy-Littlewood's inequality, 
Bernstein-Zygmund inequalities.

University of Prishtina, Mother Teresa str., 10 000 Prishtine, Prishtina, Kosovo 

E-mail: xheki00@ hotmail.com

1 I n t r o d u c t io n  a n d  Pr e l im in a r ie s

Let

Σ  cne'nx ( у  + Σ  an cosnx + b„ sinnx J (1)

be a trigonometric series in the complex or real form respectively, and we use the following 

standard notations for all n > 0

an =  cn + C—n,

bn — (Cn С—п)І/

λ«(ρ) = y/2(\cn\2p + \c-n\2r),

rn =  \J\ftn p ~b \bn 12 = \/ 2( |c„ p + \c-n\2),

An (x) =  c„einx -f c-ne~mx =  an cos nx + bn sin nx,

П

S„(x) =  c0+ Σ Αιt(*), 
k= 1

1

/с—1

$п(х) =  Σ  (a^sinkx — b^coskx) =  — і ^  (ckelkx — c_ke^lkx\ . 
k= l it=oV 1

The square brackets denote the integer part of a number.

(c) Krasniqi Xh.Z., 2015

http://www.journals.pu.if.ua/index.php/cmp
mailto:xheki00@hotmail.com


For /  Є L,2n the L1—metric is defined by the equality

M l  L> =  ll/ll =

Regarding to the series (1) Belov [1] has proved a necessary condition, expressed in terms 

of its coefficients, for the L1-convergence or L1-boundedness of its partial sums proving the 

following statement.

Theorem 1. I f n > 2  is an integer, then

2 n j.

 --- £— - < 100 max \\σηι - Sm|l.
к = [н] \n ~ k \ + 1 m=[«/2]-l.2n

In particular:

1. If

K - S m|| = o ( l)  ( = 0 (1)), (2)

then
2 n r

Σ  ТЙ— έ τ τ  =  o(1) ( =  ° (1) respectively) . (3)

2. Assume that series (1) converges (possesses bounded partial sums) in the L1— metric, 

then condition (3) holds.

Also the author has considered the cosine and sine series

00
у  + Σ “η COS nx, (4)
1 n=1

oo

Σ^η^ϊηηχ, (5)
n= 1

where for the series (4) or (5) the coefficients an are the same as in the trigonometric series 

(1) except for coefficients of series (5) which are denoted an instead of bn, and the following 

corollary has been proved by him.

Corollary 1. 1. Assume that series (4) or (5) satisfies condition (2), then

Σ |n -k\ + i  =  (0 (1) respectively). (6)

fc=m

2. Assume that series (4) or (5) converges (possesses bounded partial sums) in the L1- 

metric, then condition (6) holds.

For /  Є 1·2π, 0 < p < 1, the I / —metric is defined by the equality

/ i  Γ2π λ 1/?

ll/Ik? =  WfWp = J0 \f(x)\Pdxj  ■

Of course II · ||p for 0 < p < 1 is not a norm, it does not satisfy the triangle property, and it is 

known as quasi-norm.

The above statements, for r—th derivative of the series (1.1), has been generalized by present 

author in [2]. But nothing seems to be done so far concerning Lp—convergence (0 < p < 1) 

of the series (1) in the direction as Belov did in [1]. Therefore, our main goal in this paper is 

studying of Lp—convergence of the series (1) for 0 < p < 1.

Our main tools in proving the main results are Bernstein-Zygmund's inequality and Hardy- 

Littelwood's theorem in the spaces U  (0 < p < 1), and H p (0 < p < 1), respectively.

Lemma 1 ([3] or [5]). Let Tn(x) be a trigonometrical polynomial of order n and 0 < p < 1. 

Then the inequality \\T'n\\p < Срп\\Тп\\р holds true.

Lemma 2 ([4]). If φ(ζ) =  E£Lo ckzk' \z\ < 1 anc  ̂Ψ e HP, 0 < p < 1, then

f^(k + l)P~2\ck\P < C "~І|Р
k=0

p-

Throughout in this paper Cp denotes a positive constant that depends only on p, not nec­

essarily the same at each occurrences.

2 M a in  r e s u l t s  

We begin with the following helpful statements. 

Lemma 3. For every m e  N  and 0 < p < 1, we have

mm E c*e 
k=0

ikx

k=0

-ikx

1 Г m m Ί

> -і-max Σ> - k  + iy-*\ck\r .

'-p U=o i-0 J

Proof. The proof of this lemma is an immediate result of the Lemma 2. Indeed, we have that

1 r2n
E cfce' 
k=0

ikx
1 ι·2π m

~ 2 π ίο Σ  

1 Г2п

2n Jo

ckeikx dx cke~ikx

Σ ^ β

Σ Ckei{m~k)x 

k=0

k=0 

V

~ 2n ίο £

1 f2n m

=  Σ

dx

СкЄі(т-к)х dx

1 m
> ± ’£ ( т - к  + 1Г-г\ск\'·. 

p c P k=0

The inequalities for ЕГ=о cke one can prove in the same way in view of equality

m

E  Cke~tkX
=

m

E  скЄікх
k= 0 P k= 0

□



Lemma 4. Given an arbitrary trigonometric series (1) and arbitrary natural numbers n and N 

such thatn < N < 2n + 1. Then for 0 < p < 1 the following estimates hold:

max ||S„_i - SkWp < Cp max ||Sfc - S„_i||p/ 
k=n,...,N k=n,...,N

max
m=n,...,N

max
m=n,...,N

E  ¥ ix
\j=n /

Σ  C-,e-4‘  
\i=n /

< Cp max 1 1 S n_i||p/
m=n,...,N

< Cp max IISm - S„_i|L, 
m=n,...,N

max ||Sfc-S„_i||p < C Pi max ||St -^||p/
k=n,...,N k=n—l,...,N

f  \ck\p+\c-k\p
Л2Ґп(к + 1~ П)2~Р,

1 /Р

< Cp max ||Sfc-S„_i|L,
k=n,...,N

f  ktip + jc-tip
1 /V

< CJ|SN S„_i|L,

where Cp is a positive constant depending only on p.

Proof. (7). Let m, n be two natural numbers such that m > n. Using the equality

~ ~ 1 W_1 1
S„_l(x) - Sot(x) =  -  (S'm(x) - S '_j(x )) + Σ  fc(fc + 1) - S'n_ i(x))

Lemma 1 and well-known inequalities

' |fl|P +  |b|0, Ϊ ί 0 < β < 1

\α + b\P < <

k 2^ (|a|̂  + |b|0), i f /3 > 1 

we have that ||S£ - S'n_1||p < Cp/c||Sfc - S„_i||p, and

~  i f  m_1 1 Ϊ
I|S„_1 -  SotIIp <  2?Cp< ||Sm — S„_i||p Η- Σ ι i j_ Il̂ fc ~ Sn-illp r

^ k=n '

( от-1 і \

 ̂ E  ГТЇ I , max ~ 1 lip·
k = n k +  1 J  k=n...... m

Thus for n < N <2n  + I

N - 1

1 + Ε  ЇГГ7 < 1 + ^-r(N -  n) < 2,
k=n

k + 1 n -1-1

we obtain

max ||S„_i - SfcUp < Cp max ||S* -  Sn-i||P.
k=n,...,N k=n,...,N

(7)

(8)

(9)

( 10)

(11)

(12)

O n  a  necessary  CONDITION FOR LP(0 <  p <  1)- CONVERGENCE 

(8). From the equality

Ш

2 Σ  cieljx =  (Sm(x) - S,j—i (x)) + і (Sot(x) - S„_i(x))

and (7) we get

;= n

2 max
m=n,...,N

СіЄ.P4X

\]=n
< 2p\ max ||Sm - S„-i||» + max ||SW - S„_i||p}

ί m=n,...,N m=n,...,N J

< 2p ( l + Cp) max ||Sm - S„_i||p,
m=n,...,N

which is the required estimate. The estimate (9) we can prove in the same manner as the 

estimate (8). It is sufficient to use the equality

m .. ~  \

2 E  C-)e ηΧ =  (S>n(x) - S„_!(x)) - І ^Sot(x) - S„_i(x)J ,
j=n

therefore by the reason of similarity we omit the details.

(10). By the equality

Sot(x) -  S„_i(x) =  (Sm{x) -  Crm(x))
m

m—1

+ Ε  τ (sk(x) ~ σ*(*)) - (Sn-i(x) - <rn-iW )
k=n

we have that

Thus

ί f m -l· 1 m_1 1 Ί
IISm — S„_i||p <  2p < — IISot — VmWp +  E  ~  ll^n-l — σ n—11|p r

 ̂ k=n *

i f  m 1 1
=  2p < IISm -  0mI|p + Ε  P 11^ — ^ llp  llS«-l — ση-1 Up r

 ̂ J

i /  m l\

< 2 M 2 + E r  , max llSfc - ^ I Ip·
V k=nkJ  k=n-l,...,m

max IISfc — S„_i||p < 5 · 2p max ||Ŝ  — crk\\p for η — 1.
k=n,...,N fc=ij-l,.../N

The case when n > 2  can be treated in a similar manner. Indeed, since for n < N < 2n + 1 

we have
“ 1 N _ n  + 1 _  2

2 + E i < 2  +
k=n

n
< 3 + - < 4, 

n

then the estimate (10) holds for all n > 1. 

(11). From the estimate (8) we have

N

E  сґ х
j= n

< Cp max ||Sjt - S„_i|L.
k=n,...,N



On the other hand, by the Lemma 3 we obtain 

HL :=

Hence, from (13) and (14) we get

N

L
j=n

L {k+ 1_ n ? -p)  (15)
\fc

In a similiar manner one can find the following estimate

/N  I c .p

Σ (ί + 1 - ν >  < c ,™ * , l | s , - s ^ l , .  (K)
(*  +  * *  n ) 2~P J  ~ k=n....N

It is obvious that from (15) and (16) follows 

/  N і - їм . i \

which proves the estimate (11).
N . .  N

(12). The equality S^(x) — S„_i(x) =  E  + E  c_je~llx and Lemma 3 give
j=n j=n

(  Σ  {N- + ll- k)2-p) ^  CHISN - S„-l lip,

and

' N \c t|P \1/p

(N + Г- Jk)2-p ) i C HlsN - s»-illp·

Using the last two estimates we obtain

1 £ ( Ν  + 1 - * Η  Pl' IIP'

This completes the proof of the Lemma 4. □

We shall prove now an another lemma which in this paper do not need us. The only its

importance is that it extends the Lemma 2 in [1] from the case p =  1 to the case 0 < p < 1. It

may be useful for the other aspects.

Lemma 5. For any trigonometric series (1) and arbitrary natural number n, the following esti­

mate holds (0 < p < I):

IK  ~ Sn||p < Cpi — —— E  I I - ·%/2]lip + 2 \\$к - S[n/2]||p 1. (17)
y n  -t L £=[«/2],...,« J

If

max ||St - S [B/2]||p =  o(l) (- 0 (1 )) , (18)
k=[n/2\,...,n

then condition (20) (see below in this paper) is satisfied.

Proof. Applying Lemma 1 to the equality

S[//2;

i!-l

(n + 1) (S„(x) - σ„(χ)) =  E  (Sy(x) -

/=i
я—1

+ n (s „ (x )- s [n/2](x ) )-2  £  (Sy(x)-S[„/2](x )),
у=[я/2]+1

we obtain

(n + l)||S„ σ„||ρ < 4p·| ^  ||Sy S[y/2]||p + n||Sn S[n/2]lip|

+ 2 p Ε  IISy — S[„/2] ||p < 4? I  E  уSy — S[//2] ||p + w||S/j — S[„/2] ||p 1 
;=[n/2]+l I j= 1 J

+ 21+p (n - [n /2] - 1) max ||S* - S[n/2] ||p

Σ  IIs/ — S[//2] lip + (2n — 1) max ||S* - S[n/2] \\p 1.
[ У= 1 fc=[«/2],...,« J

Supposing that (18) holds, then from (17) obviously the estimate (20) holds. □

The main results of this paper are the following statements which extends Theorem 1 and 

Corollary 1 from the case p =  1 to the case 0 < p < 1.

Theorem 2. I f n >  2 is an integer and 0 < p < I, then

i Ip
2 n

Afc(p)
<Cp max K -Sfcllp . (19)

In particular: 

1. If

then

K-S„||p =  o(l) (= 0 (1 )) , (20)

έ  p =  °С1) (=  ° ( 1) respectively). (21)

2. Assume that series (1) converges (possesses bounded partial sums) in the 

1/(0  < p < 1)—metric; then condition (20) holds.

Proof From Lemma 4, according to the estimates (11) and (10)

IP
2 ”  Ш  Μ ” +  \ο - ύ "χ1/ΡУ"1 _____ ) 1 < f  Г

k=,'n (k + l - n ) 2-P j - P \Lfn (k + l - n ) 2~Pj (22)

< Cp max \\Sk- S n-i\\p < C p max ||Sfc — crfc||p.
k=n,...,2n k=n-l,...,2n



On the other hand according to the estimates (12) and (10), for 2 [n/2] + 1 > n we have

1Ip / \ 1/p

M p ) \ < c  / f  |cytlp + Ic-tjP

,H J ] (" + 1 "  k)i~r )  V H S](" + 1 "  k)2~PJ  (23)

^  Cp Sn — Sr«i_i < Cp max ||Ŝ — (T/cllp·
UJ P к к=[5]-1,...,я

Adding (22) and (23) we obtain (19). In addition, from (20) and (19) imply (21).

Let the series (1) converges (possesses bounded partial sums) in the L?(0 < p < 1)-metric, 

then

lk„ - S„||, < 2?{ II/ - s„||F + IK  -/||p} = 0(1 ) (= 0(1)).

Therefore (20) implies (21). This completes the proof of the Theorem 3.1. □

The following corollary is a direct consequence of the Theorem 2.

Corollary 2. 1. Assume that series (4) or (5) satisfies condition (20), then

&

i t f i l ]  ( I й  -  * 1  + 1 > 2 “ "
=  o(l) (=  0(1) respectively). (24)

2. Assume that series (4) or (5) converges (possesses bounded partial sums) in the 

Lp(0 < p < 1 )-metric, then condition (24) holds.
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В цій статті доведено, що умова Ц*" г„, =  °(1) (= 0(1)) / є необхідною умовою

для 1/(0 < р < 1)-збіжності (обмеженості зверху) тригонометричного ряду. Результати 

статті узагальнюють деякі результати Белова А.С. [1].
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Н е н я  О . і .

ПРО ПЕРМАНЕНТНІСТЬ ДИСКРЕТНОЇ СИСТЕМИ МОДЕЛІ ХИЖАК-ЖЕРТВА З 

НЕМ ОНОТОННОЮ  ФУНКЦІЄЮ  ВПЛИВУ ТА НЕСКІНЧЕННИМ ЗАПІЗНЕННЯМ

У роботі розглянуто систему рівнянь, яка е дискретним аналогом моделі хижак-жертва з 

немонотонною функцією впливу та нескінченним запізненням. Досліджується проблема по­

будови умов перманентної поведінки динамічної моделі. Умова перманентності забезпечує 

обмеженість розв'язків зверху та знизу, але при цьому вимагає щоб розв'язки залишалися по­

стійно додатними. Для отримання достатніх умов перманентної поведінки розв'язків системи 

використано методи, які базуються на застосуванні теорем порівняння.

Ключові слова і фрази: модель хижак-жертва, перманентність, функціональний вплив.
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Вс т у п

Дослідження різноманітних питаннь динамічної взаємодії між елементами моделі хи- 

жак-жертва було та є одним з домінуючих, як в екології, так і в математичній біології [3]. 

Актуальними е проблеми локальної та глобальної стікості, періодичності, перманентної 

поведінки розв'язку моделі хижак-жертва [7, 8].

Існують численуі біологічні та фізіологічні свідоцтва [1, 2, 6], що у випадках, коли хи­

жаки вимушені в пошуках здобичі ділитися жертвою або конкурувати за жертву, більш 

повною, в порівнянні з класичною моделлю, є модель, у якій темп приросту чисельності 

хижака має бути функцією не однієї змінної чисельності популяції жертви і не двох не­

залежних змінних чисельності жертв та хижаків, а однієї змінної — відношення чисель­

ності популяції жертви до популяції хижака. Дану функцію звичайно називають троф і­

чною функцією хижака або функціональним впливом.

У роботах [4], [5] розглядається модель хижак-жертва з нескінченним запізненням

x'(t) =  x(t) a(t) — b(t) J  K(t — s)x(s)ds

уЧО =  y (0  [-d (0  + e(t)g ( yji-T(ijj)

:( %  ( $ $ )  y( 0/
(i)

У мікробіологічній динаміці та хімічній кінетиці функціональний вплив описує пог­

линання субстрату мікроорганізмами. В більшості випадків трофічна функція g(u) мо­

нотонна. Хоча, існують експеременти які показують, що немонотонні впливи трапляю­

ться на мікробіологічному рівні: коли концентрація поживної речовини досягає високо­

го рівня може трапитися ефект сповільнення зростання кількості мікроорганізмів. Таке
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часто спостерігається коли мікроорганізми використовуються для непродуктивного роз­

кладання або для водного очищення.

Для кожної обмеженої послідовності я(и) введемо позначення

я" =  supa(n), а1 — inf a (η).
neN "eN

У даній роботі розглядається система рівнянь, яка є дискретним аналогом системи (1): 

х(п + 1) =  х(я) ехр |я(я) - Ь(п) Е  K(s)x(n - s) - c(n)g ( ^ 1 )  ,

k у(и + 1) =  у(я) ехР { ~d(n) + e(n)g (уія-т(”)і) } ’ п = О'1'2'
(2)

де х(п),у(п) — представляють щільності популяцій жертви та хижака, п > 0, а(п), Ь(п), 

с(п), е(п), d(n), τ (η) — обмежені, невід'ємні послідовності такі, що

0 < а1 < а11, 0 < Ь1 < Ьи, 0 < с1 < си, 0 < d1 < du, 0 < e1 < eli, 0 < τ' < τ“.

Дискретна функція Κ{·) задовольняє наступні умови:

(H i) K(s) Є [0, оо) і обмежена для s =  1,2,3,..
ОО

(н2) Σ ВД = і.
s= l

В даній роботі досліджується перманентна поведінка розв'язку (х(п),у(п)) системи 

рівнянь (2) з початковими умовами:

χ(θ) =  φι(θ), у(в) =  φ2(θ), (рі(0) > 0, φ,(θ) > 0, і =  1,2, (3)

для Θ Є Ζ - =  { . . —2, —1,0].

Для системи (2) з додатними початковими умовами (3) розв'язок (х[п), у(п)) існує для 

всіх п > 0, може бути однозначно побудований послідовно і, згідно з видом рівнянь си­

стеми (2), задовольняє умови х(п) > 0, у{п) > 0, п > 0.

Функція g(u) системи (2) є немонотонною і задовольняє таким умовам (NM): 

O g e C ^ a O ,  + oo),R ),£(0) = 0;

(ii) існує така стала р > 0, що (u — p)g'(u) < 0 для и ф р;

(iii) lim  g(u) — 0;
U - > + ОО

(iv) h'(u) < 0 для всіх м > 0, та h(0) =  lim де h(u) =

Розглянемо функцію

βι

7 + w
яка, як неважко пересвідчитись, задовольняє умови (i)-(iv).

На основі умов (NM) можна довести, що при виконанні нерівності d11 < elg(p) рівня­

ння g(u) =  γ  має два додатні корені 0 < Г\ < г2.

Д о п о м іж н і  р е з у л ь т а т и

Означення 1. Систему рівнянь (2) будемо називати перманентною, якщо існують додатні 

сталі Ші, Mj, і =  1,2 такі, що

гаї < lim infx(n) < lim  supx(n) < Μι,
— «->■+oo v ’  — n->+oo r  4

га? < lim inf v (η) < lim  supy(n) < M2,
n->-+00 «->-+00

для будь якого розв'язку u(n) =  (x(n),y(n)) системи (2) з додатними початковими дани­

ми.

Поняття перманентності грає важливу роль у математичній біології. Біологічно це 

означає, що коли система при взаємодії різних видів стала у певному сенсі, то всі види 

виживають у довгостроковому проміжку часу.

Лема 1 ([9]). Нехай {х(и)} задовольняє умови х(п) > 0 та

х(п + 1) < х(п)ехр (г(и) (1 — ax(n))) 

для η Є [иі,оо),дея > 0, {г(п)\ — додатна послідовність. Тоді

lim supx(n) < -̂—exp {r11 — 1} . 
и-»+оо r aru

Лема 2 ([9]). Нехай {х(п)} задовольняє умови:

х(п + 1) > х(п)ехр (г(п) (1 — αχ(η))), η > No,

та lim sup x(n) <  M, x(No) > 0 , No Є N , де aM > 1, \r(n)\ — додатна послідовність.
n-++оо

Тоді lim  inf x(n) > \exp {rli (1 — яМ)} .
rt-¥+oo v

Лема 3 ([10]). Нехай {x(n)}, {b(n)} — невід'ємні послідовності, визначені на N , с > 0 — 

стала. Якщо
и—і

х(п) < с + Σ  b(s)x(s), n e  N ,
s=0

TO

η — 1

χ(η) < c [1 + b(s)], η є N .
s=0

Лема 4. Нехай для {x (n)} виконуються умови x (η) > 0 та

χ{η + 1) > x(n)exp j r{n) ^-1  + ag (4)
0

дляп Є [щ, оо), де {r(n)} — додатна послідовність, a > 0, K > 0, g'{u) > Оприи < p. Тоді

lim ^infx(«) > --- ------exp { — ru} (5)
n—>-+oo

n p n g

u<p

< p.
u<p

Доведення. Нехай існує таке /q Є [щ, +оо), що x(/q + 1) < x(lo)· Тоді з (4) випливає, що



Використовуючи останню нерівність отримуємо таку оцінку:

К
x(h + 1) > x(h)exp |r(Z0) (- 1  + ag )  )  }

* ' ) }
> x(l0)exp j ги ^-1  + ag

> х(10)ехр {-гІІ} >

x(h) (6)

К

g~
( ї )

-ехр {—г11} =  т.

и<р

Доведемо, що х(и) > т  для всіх п Є [/о,+°°)· Припустимо, що існує число 

ро Є [/о, +°о) таке, що х(ро) < т. Тоді р0 > /0 + 2. Нехай р0 — найменше ціле число таке 

що х(ро) < т. Тоді х(ро — 1) > х(ро), звідки випливає, що застосувавши вищеприведені 

перетворення до х(ро), отримаємо, що х(ро) > т. Отримуємо протиріччя.

Розглянемо випадок, коли х(и + 1) > х(и) для всіх п Є [яі,+оо). Нехай існує

Ііш х(п) =  L. Стверджуємо, що
(!->+00

L >
К

г ‘ ( і ) и<р

Припустимо протилежне: L < _wf\|— · Тоді існує число N0 Є N  таке, що
£ v я / 1 u <и<р

х(п) <
к

s~ G ) и<р

для всіх n > Nq. З цього випливає, що

х(и + 1) > х{п)ехр j ги ^-1  + ag )  } ·

Перейшовши до границі в (7), одержимо:

Ііш х(п) > ---
и—»+оо _1

К

(0 и<р

Отримуємо протиріччя.

Враховуючи, що ехр(—ги) < 1 для ги > 0, маємо:

1- ( \ >> К - К lim  х(п) >
П—>+оо (І)

>

и<р r ’ ( і )

-ехр(-гІІ),

и<р

що і доводить справедливість твердження (5).

(7)

(В)

□

О с н о в н і  резул ьтати

Теорема 1. Якщо виконується умова

а1 — Ь"Мі — cllh(0) > 0,

де

М і
ехр {а11 — 1}

Ь1 Σ K(s)exp{-sfl«}
s = l

(9)

тоді існує таке число

[a1 — cuh(0)) ехр {ali — clh(0) — ехр [а11 — clh(0) — і} }  
m  , Цч)

E  K(s) ехр {— s(al — huM\ — clih(0))}
s= l

що для розв'язку x(n) системи (2) виконуються оцінки:

m\ < lim  infx(n) < lim supx(n) <
η—»+οο γι— οο

Аоведення. Розглянемо випадок коли g'(u) > 0 для всіх u < р, де u =  φή· Тоді з першого 

рівняння системи (2) маємо:

х(п + 1) < х(п)ехр{ан - clh(p)}.

Звідси отримуємо нерівність

х(и) < х(п — s)exp{s(au — clh(p))},

з якої випливає, що

х(и — s) > x(n)exp{—s(fl“ — clh(p))}.

Підставивши останню нерівність у перше рівняння системи (2), отримуємо:

х(п + 1)

< х(п) ехр < а(п) — b(n) E  K(s)x(n) ехр s(a“ — clh(p))| — c(n)h(p) > < x(n)
s=1 ( 11)

x exp J (я(и) - c(n)h(p)) i 1 - дЦ _  Σ  В Д * (П) exp { ~s(au - clh(p))}
a11 - c'h(p)

З умови (9), маємо a1 — cuh(p) > a' — buM\ — clih(0) > 0; тому застосовуючи Лему 1 до 

нерівності (11) маємо наступну оцінку:

lim sup х(п)
П-ї ОО

ехр {а11 — clh(p) — і )< - -і--= м\.

u<p tji k (s) ехр {— s(au — clh(p))}
s=1

Розглянемо випадок, коли g'(u) < 0 для всіх u > p. З першого рівняння системи (2) 

маємо:

х(и + 1) < х(п)ехр{аи}.

Тоді

х(п) < х(п — s)exp{sfl“},

звідки отримуємо

х(п — s) > х(п)гхр{—sau }.

Підставивши останню нерівність у перше рівняння системи (2) отримуємо:

х(п + 1) < х{п) ехр | я ( п )  — Ь{п) Σ  K(s)x(n) ехр {—sfl"} j

ί /  b1 £
< x(n) ехр < я(п) ї ї -- - E  K(s)x(n) ехр {—Sfl"}



Застосовуючи Лему 1 до нерівності (12) маємо наступну оцінку:

lim  supx(n)
п—ї оо

ехр {аи — 1} _  д.+
< ОО — ---- 2---  = Щ -

и>р і)і k(s) ехр {—
S= 1

Взявши max(M|, — М\ отримаємо оцінку:

lim  su p x (n )< M i. (13)
η—>+оо

Нехай g'(u) > 0 для всіх и < р. З оцінки (13) випливає, що для довільного ε > О існує

таке Ni > 0, Ni Є N , що х(и) < М і + ε для всіх п > Щ. Тому з першого рівняння системи

(2) маємо:

х(я + 1) > х(п)ехр{а(п) — Ь(п)(Мі + ε) — c(n)h(0)}

> x(n)exp{al — bu(Mi + ε) — cuh(0)};

звідки отримуємо

х(п — s) < x(n)exp{—s(al — bu(Mi -f ε) — cllh(0))}.

Підставивши останню нерівність у перше рівняння системи (2), отримуємо:

х(п + 1) > х(и)

х ехр |я(п) - b(n) ^iC (s)x (n) ехр j -s(al - Ьи(Мі + ε) - cllh(0))| - c(n)h(0) j
ί (14)

> χ(η) exp< (a(η) — c(n)h{0))

χ _  й;-с»/г(о) §  K(s)x(n)exp “  b“(M l + ε) "  °U h m } )  }·

З умови (9) маємо я* - cuh(0) >  а1 — buMi - cuh(0) > 0, тому, застосовуючи Леми 1 та 2 до 

нерівності (14), отримаємо наступну оцінку при ε —» 0:

д; — cuh(0)
lim infx(n)
Я— >СО

>

u<p E K ( s ) e x p { - s ( f l i - b “M i- c « / i( 0 ) ) }
s = l

x  ехр ja "  — c;/z(0) — exp j  au — c;/i(0) — 1 j  j  =  m\.

Умова aM > 1 леми 2 набуде вигляду

ехр {а11 — clh(0) — 1} 

й“ — с;/г(0)

Оскільки > х для всіх х Є ]R, то звідси випливає, що нерівність (15) виконується.

З першого рівняння системи (2) при u > р маємо:

х(п + 1) > х(п)ехр{а(п) — Ь(п)(Мі + ε) — c(n)h(p)}

> x(n)exp{al - bu(Mi + ε) — cuh(p)}.

(15)

Звідки випливає, що

х(и — s) < x(n)exp{—s(al — bu(Mi + ε) — clih(p))}.

Підставивши останню нерівність у перше рівняння системи (2), отримаємо:

х(п + 1) > х(п)

х  ехр |я(п) — Ь(п) K(s)x(n) ехр s(al — Ьи(Мі + ε) — cuh(p)) j  — c(n)h(p) j
> х(и)ехр/(я(и) — c(n)h(p))

X ( 2 _  / - c » % )  Е В Д * ( п) ехР - b“(M i +ε) - c“% ) ) }  j  j .

З умови (9) маємо а1 — cuh(p) > а1 — buM i — cuh(p) > а1 — bltMi — cuh(0) > 0. Тому, засто­

совуючи Леми 1 та 2 до нерівності (16), отримаємо наступну оцінку при ε -» 0

а1 — clih(p)
lim inf х(п)
η—>оо

>— ОО
U>P i)U ]Г K(s) ехр {—s(al — buMi — cuh(p))}

s= l

х  ехр j аи — clh(p) — ехр |аи — clh(p) — і| |  = 

Взявши m in(т\,т^) — т\ =  пц отримаємо число (10) та оцінку

lim infx(n) > mi. (17)
«->·+оо v '  —

Розглянемо друге рівняння системи (2) при т(и) —к. 

Теорема 2. Якщо виконуються умови

та

то існують такі числа

та

де

га2

г· (?)
ехр {-du},

u<p

+ mi
m7

1 exp {2(й“ — blmi + du)}' 

що для розв'язку у (η) системи (2) виконуються оцінки

т 2 < lim  infy(n) < lim  supv(n) < Mo-
П - + + 0 О  n->+oo —

□

du
~T < g(p) (18)

au - blnti + du > 0, (19)

M2 =  exp j  2(ellg(p) - d')}

m2 =  min(m\,m2), (20)

mi exp {fc ( g )  - d “) }



Аоведення. З другого рівняння системи (2) для всіх и > 0 маємо:

у(п + 1) < y{n)exp{—dl + eug(p)}. 

Зробивши заміну змінних z(n) =  1пу(и) в (21) отримуємо нерівність:

z(n + 1) < z(n) + eug(p) - d1.

(21)

(22)

Якщо взяти c =  elig(p) - d1, b(s) =  { ? '  ° £  S ~ ' ' нерівність (22) набуде вигляду:
^ 1, S —  Ylf

z(n  +  1 )  <  E  b(s)z(s) +C.
s=0

(23)

Врахувавши умову (18) ^  < γ  < g(p) та застосувавши Лему 3 до нерівності (23), отрима­

ємо оцінку розв'язку ζ(η):

ζ(η) <  2{eug (p )- d l)r

а отже і оцінку розв'язку у(п):

lim supy(n) < ехр \2(ellg(p) — d1) 1 =  М2.
η—>·+οο I. J

(24)

Розглянемо випадок, коли g '(и) > 0 для всіх и < р.

З оцінок (17) та (24) випливає, що для довільного ε > 0 існує таке Νχ > 0, Ν\ Є Ν , що 

для всіх п > Ν\ виконуються оцінки х(п) > т\ — ε та у(п) < М2 + £■

Тому з другого рівняння системи (2) маємо:

у(и + 1) >у(п)ехр{е g 

звідки отримуємо оцінку:

М2 -Ь £

, f  Щ ~£

— du};

у[п - к ) <  у(п)ехр j  -k (e‘g ~ d" )  } ‘
ч М2 + £ ,

Підставивши останню нерівність у друге рівняння системи (2), отримуємо:

у(и + 1) > у(п)ехp { e(n)g
т\ — ε

>у(п)ехp I d(n) -1 + -^g

y{n)exp { -k (elg ($L_f ) - d") } 

(m\ — £)exp j  k (elg (
m\—£

Мг+ε

- d(n ) 

«i»)}

y(«)

(25)

Застосовуючи лему 4 до нерівності (25) та врахувавши умову (18) отримаємо наступну 

оцінку при ε -» 0:

lim  'mi у (η)
оо

>
и<р

m\exp - -*■ )}

£-1 ( ? ) u < p

ехр {—d11} =  т 2.

Розглянемо випадок, коли и > р. Введемо заміну z(n) =  Тоді з системи (2) маємо:

z(n + 1) = z(n) ехр I a(n) - b(n) ^  K(s)x(n - s) - 4- d(n) - е(и)# (z(n - k)) [ .
s=l z(n)

де с =  а11 — Ь1(т\ — ε) + du, b(s) =  |

Звідси випливає, що

z(n + 1) < z(n)exp{au — bl(m\ — ε) + d11}.

Зробивши заміну змінних ξ(η) =  In z(n) в останній нерівності отримуємо:

ζ(n + l)< Σ b (s ) ζ (s )+ c , (26)
s=0

0, 0 < s <  п — 1,

1, s =  п.

Врахувавши умову (19) та застосувавши Лему 3 до нерівності (26), отримаємо оцінку 

розв'язку ζ(η) при £ —» 0:

ζ(η) < 2(аи — blm\ + d11),

а отже і оцінку розв'язку ζ(η):

lim supz(n) < ехр |2(я“ — blm\ + rfM)| — М2. (27)

З оцінки (27) випливає, що для довільного ε > 0 існує таке Ν\ > 0, Ν\ Є Ν , що для всіх

η > Ν\ виконується < М| + ε. Звідси випливає:

t \ ^  х(п) ^  - εt/ι и) > ———— > ----- .
’ - Μ* +£ - М*2 +ε

При ε —> 0 маємо:

lim inf у (n) > --- τ— ---------------- — --г- — m t.
п-л+оо ехр {2(дм — b ιτΐ\ Ч- du) I

Взявши min(m2, mj"), отримаємо число (20) та оцінку:

lim infy(η) > ηι2.
«->■+00

□

В и с н о в к и

У роботі досліджено властивість перманентності системи різницевих рівнянь моделі 

хижак-жертва з немонотонною функцією впливу та нескінченним запізненням. На осно­

ві теорем порівняння побудовано нові умови перманентної поведінки динамічної моделі.

Відкритими залишаються питання побудови оцінок розв'язку у(и) рівняння хижака 

системи (2) при τ (η) Ф const та покращення отриманих у роботі умов та оцінок.
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A discrete-time analogue of predator-prey model with nonmonotonic functional responses and 

endless delay is considered in the paper. We investigate the question of obtaining conditions of per­

manent behavior of the dynamic model. The condition of permanence provides the limiting of the 

solutions but it requires the positiveness of the solutions. Sufficient conditions of permanence are 

obtained when the functional response function is nonmonotonic. The methods based on the es­

timation theorems are used to receive the sufficient permanent conditions of the solutions. These 

results are applied to some special population model with endless delay, some new results are ob­

tained.
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ON SOME PERTURBATIONS OF A STABLE PROCESS AND SOLUTIONS OF THE 

CAUCHY PROBLEM FOR A CLASS OF PSEUDO- DIFFERENTIAL EQUATIONS

A fundamental solution of some class of pseudo-differential equations is constructed by a method 

based on the theory of perturbations. We consider a symmetric α-stable process in multidimensional 

Euclidean space. Its generator A is a pseudo-differential operator whose symbol is given by —c|Λ|α, 

where the constants а Є (1,2) and c > 0 are fixed. The vector-valued operator В has the sym­

bol 2гс|Л|а—2Л. We construct a fundamental solution of the equation ut = (A + (я(·), В))и with a 

continuous bounded vector-valued function a.
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I n t r o d u c t io n

Let A denote a pseudo-differential operator that acts on a twice continuously differentiable 

bounded function (cp(x))xeKd according to the following rule

(A f)(x ) =  £  £  φ  + ν ) - φ ) - ( Μ ) )  ^  (1)

2тгіт1Г(2 - α)Γ ( cos ψ  
where c > 0, 1 < α < 2, i f e N  are some constants, κ  = -------------- ---- ------ and

V is the Hamilton operator (gradient). Here (·, ·) denotes the scalar product in R d.

It is known that the function u (t,x ) — J  ̂  q)(y)g(t, x, у) dy, where

8(*'Х'УЇ " ( 2^ / к/ , И 'ЛМЛ|*‘ІЛ' (2)

is a solution of the following Cauchy problem

_ A Xu(t,x ) , t >  0 , x e R d, 
dt (3)

u(0+ ,x ) = φ (χ ) ,  x Є IR^,

for any bounded continuous function (φ (χ ))xelRd.
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If an operator acts on a function of several arguments, then it w ill be provided by a corre­

sponding subscript, for example, Ax in (3) means that the operator A is acting on u(t,x) as the 

function of the variable x.

Note, that the function (g(t, x,y))t>o,xeRd,yeRd serves as transition probability density of a 

Markov process in Kd, called a symmetric stable process. The operator A is the generator of it. 

Let us consider the equation

=  AXu(t,x) + (a(x),Bxu(t,x)), t > 0, x Є R d, (4)
at

with some -valued function (я(х))хЄІК,; and d-dimensional pseudo-differential operator В 

of the order less than oc.

In this article, we consider the case, where the a is a bounded continuous function and the 

operator В is defined on a differentiable bounded function (<p{x))xe^d by the equality

(B ) W = 2c _ ,  <p(x+ y ) - f (x) 

v ’ ocx Jr* \y\d+* * *

Note, that A =  2div(B).

We construct a fundamental solution of equation (4) by perturbing the transition proba­

bility density of a symmetric stable process. The fundamental solution of equation (4) was 

constructing in [2] under the assumption that the function a satisfied Holder's condition.

Symmetric stable processes were perturbed by terms of the type (a(x),V) under various 

assumptions on the function (tf(x))*e]Rd in many papers (see, for example, [1, 3, 5, 6]). The 

perturbation of stable processes with delta-function in coefficient is constructed in [4].

1 Pe r t u r b a t io n  o f  a  stable  p r o c e s s

We consider a function (G(t, x, y))t>o,xeRd,yeRd as a resu^  °f perturbing the transition prob­

ability density g(t, x,y) of a symmetric stable process, if it is a solution of the following equa­

tion

G{t,x,y) =  g(t,x,y) + /  dr / g(t - T,x,z)(BzG(T,z,y),a(z))dz. (5)
JO JRd

Now we define a function {e(x))xeRd by the equality e(x) =  j^yjfl(x) for x Є such that 

|α(χ) І Ф 0 and an arbitrary value (with preservation of the measurability) otherwise. Then the 

equation (5) takes the form

G(t,x,y) =  g(t,x,y) + ί  άτ f  g(t - T,x,z)(BzG(T,z,y),e(z))\a(z)\dz. (6)
Jo J Rd

It is easy to establish the following equality using the representation (2) and integration by
2 у — x

parts Bxg(t, x, y) =  -----g(t, x, y). Denote by Vo (A x, y) a function that is given by the equal­

ity

Vo(t,x,y) =  (B Xg(t,x,y),e(x)) =  ^ — Xj --— g(t,x,y). (7)

We will construct the solution of (6) in the form

G(t,x,y) =  g(t,x,y) + f  άτ f  g(t-T,x,z)V(r,z,y)\a(z)\dz, (8)
Jo JRd

where the function V(t,x,y) satisfies the equation

V(t,x,y) =  Vo(t,x,y) + f  dr f Vo(t-T,x,z)V(T,z,y)\a(z)\dz. (9)
Jo JRd

The equation (9) can be solved by the method of successive approximations, namely its solution 

w ill be found in the form
OO

V(t,x,y) =  Σ  Vk(t,x,y), (10)
k=0

where Vo(t, x, y) is defined by the equality (7) and for k > 1 the following equality

Vifc(i,*,y)= ί  άτ f  V0(t-T,x,z)Vk_1(T,z,y)\a(z)\dz 
JO JRd

is valid.

The well-known estimate (see [2]) (f > Од S R li, у e ]Rd, and N > 0 is a constant)

s  Ν ψ ( 4 )

allows us to write down

|V„(f,*,y)| < Іл (7 _ - - !^ 4 т а г г  < 2 N
oc (t1/a + I у — x\)d+a ~ oc (t1/oc + \y — x|)d+a_1 ’

Then, we get that the inequality

IN  Г 1
|V»((,*,y)| <  \\a\\ —  Jo d r J Ki ((t _  T)1/< + |2 _  Хіу+х_ г |Ft_,(T ,z ,y)\iz

is true, where ||я|| =  sup |fl(x) |.
xeRd

In order to estimate Vk we make use of the following inequality (see [2])

1 τδf dT f
Jo J IFRd ((ί — τ)1/α -f \z — x|)d+*-1 (τ1/α + \z — x\)d+«-1

<Ст±-'(і+ІВ( V '

dz

1 + αδ \ \oc' J  J  (f1/* + |y — x\)d+oc~i' 

valid for δ > — l /α, where C > 0, and B(·, ■) is the Euler beta function. We obtain for k > 1

I Vi ft .T L-11 -  (2 N )t+1(c lla ll)l: 1 to. Π  !ι I ” p (λ ί
oc k\ (t1/a + \y — x|)d+a_1 JJ j V α

(2NC\\a\\t1/a)k ^  / и /1  n\ \
Note, that rk = -----—----- Г і  ~J J  is positive and the relation

.. 2NC||fl||i1/a /  k „ (  1 k\\
lim ---- = lim ------------------------(1 + -B ( -, - ) ) = 0
fc->oo Гк k-^oo k +  1 у 0i \0i oc J  J

is true. Therefore, the series on the right hand side of (10) converges uniformly in x Є R d, 

у Є 1Rd and locally uniformly in t > 0. Thus, the function V, given by the equality (10), is a 

solution of the equation (9). In addition, the following inequality

IV(i,xrу)I < CT^ /a + ^ _ x^ d+a_ 1 (12)

is proved for x Є R d, у € IRrf and 0 < t < T, where C j is a positive constant that may be 

depended on T > 0.



Remark. The constructed function V(t, x, у) is the unique solution of equation (9) in the class 

of functions that satisfy inequality (12).

Define the function G(t,x,y) by the equality (8) where the function V(t, x,y) is defined in

(10). Then we can perform the following calculations

(BxG{t,x,y),e{x)) =  V0(t,x,y) + J  dx j ^ V 0{t - x,x,z)V(x,z,y)\a(z)\dz 

=  V{t,x,y).

We here took the possibility of applying of the operator В under integral, which is proved in 

the following Lemma.

Lemma. The equality

Βχ

is true.

f  dx [ g(t-x,x,z)V(x,z,y)\a(z)\dz =  [  dx f  Bxg(t - x,x,z)V(x,z,y)\a{z)\dz 
Jo J Rd JO J R d

Proof. Let us consider a set of operators {Βε : ε > 0} that act on a continuously differentiable 

bounded function (<K x ) ) * e R d according to the following rule

φ(χ + u) - φ(χ)

>ε \u\d+0L
ydy.

It is clear that lim (Be(p)(x) =  (B<p)(x) for all functions φ, described above, and x Є
£—>-0-1-

The inequalities (11) and (12) allow us to assert that 

u

<

x

u\d+a 

const

(g(t - x,x + u ,z )- g (t - x,x,z))V{x,z,y)\a(z]

t — T

|u|d+a—1 ^ ((£ _  r )1/cc + \z — X — ll\)d+a ^  ((t — τ)1/α + |z — x\)d+0L

1

t — x

(xl/*+\y-z\)d+«-l ‘

It is easy to see that the right hand side of this inequality is the integrable function with respect 

to (μ, τ, ζ) on the set {|m| > ε} x (0;f) x IRd for a lii > Oand x Є IRd, у Є ]Rd. Here we used the 

results of [2, Lemma 5], where it is proved that

(i - τ / /α τ7/α
f d x  f
Jo Ji

< C

((t - x)1/a + \z — x\)d+K+k (r1/a + |y — z|)d+a+i

Β 1 ^ Ζ ± Λ  + 1 ) , ^  1
oc a /

dz

(t1/oi + I у — x\)d+Ci+l

_________ 1_________ '

DC DC J (t1/a + \y - X\)d+ix+k.

for — ос < k < β, — oc < I < 7 and C > 0, which depends only on d, oc, k and I.

(13)

+ B|1  + e , I =1\

Therefore, we obtain the following equality

B‘. Ґ dx f g(t - x,x,z)V(x,z,y)\a(z)\dz =  f dx [ BExg(t - x,x,z)V(x,z,y)\a(z)\dz,
Jo JRd JO J Rd

(14)

using the Fubini theorem.
const

The inequalities (12), (13) and |B*g(i,x,y)| < 1 . — j----  d allow us to assert that
 ̂ v +ІУ- x\)

the integral dx Вxg(t — χ,χ ,ζ)V(τ ,z ,y)\a(z)\ dz exists. Now we have to pass to the lim it
J 0 J Rd

with ε —> 0+ in the equality (14) to complete the proof of Lemma. □

We have thus got that the function G(f, x, y) is the perturbation of the transition probability 

density g(t, x, y) of a symmetric stable process.

Considering estimates (12), (11) and inequality (13), we can write for t Є (0; Τ], x Є R d,

у e R d

\G(t,x,y)\ < N
(^ /а + \y — x\)d+u

f 1 f  t — χ 1

+ NGr||a|| J  ̂ dx ̂  _  Ty /U + |2 _  x|)rf+a (τ1/α + |y — z|)d+a_1 ^2

<,„ , K t ..............U + 1+tl/* A
(ί1/α + |y — x|)d+“-1 l ί1/α + |y — x| J  '

where K is a positive constant, which depends on T, oc, c, ||a|| and d. Note that the right hand 

side of the last inequality can be estimated from above by the following expression

γΛ—1/α
--------------  < Κ Γ ά/\
(t1/a + I у — x| )d+«-i 

where Κ =  (2Γ1/α + 1)K.

2 The f u n d a m e n t a l  s o l u t i o n  o f  t h e  C a u c h y  p ro b le m

It is known (see [2]) that the function g(t,x,y) is the fundamental solution of the Cauchy 

problem (3) and, in addition, the function

η(*'χ) =  /Rd<Ky)*(^y)<*y +1 dx J g(t-x ,x ,y )f(x ,y )dy

is the solution of the Cauchy problem

=  Axu(t,x) + f ( t ,x), t > 0, x Є R d, ^

w(0+,x) =  φ(χ), x Є R d,

for any bounded continuous functions (φ(χ))χ€Rd and (f(t,x ))t>QxeRd. Moreover, this solu­

tion is unique in the class of functions that vanish as |x| -» oo.

Thus, the function

U(t,x) =  [  <p(y)G(t,x,y)dy 
jRd

=  L d dy + Jo άτL· 8 ~ r,x,y) JUd У (Т'У '2)^ (2) dz\a(y)\ dy



problem (15) with f(t,x ) =  / V(t,x,z)q>(z) dz\a(x)\.
J R d

Now we note that V(f,x, у) =  (ВxG(t, x,y),e(x)). Then

f{ t ,x )=  f (BxG(t,x,z),a(x))<p(z)dz = (a(x),BxU(t,x)),
JRd

and the function Li (t, x) is a solution of the Cauchy problem for the equation (4) with bounded 

continuous function a(x) and operators A and В defined by equalities (1) and (5) respectively. 

Let us prove that the function G(t, x,y) satisfies the equation of Kolmogorov-Chapman

G(£ + s,x,y) =  [  G(s,x,z)G(t,z,y) dz (16)
JRd

for all s > 0, t > 0, x Є у Є R d. Note, the function g(t, x, y) satisfies the equation (16).

Let {<p{x))xeR.ci be a continuous bounded function. Put ii(s, χ, φ) =  / G(s,x,y)<p(y) dy,
JIR̂

u(s,x,cp) =  f  g(s,x,y)(p(y)dy and. W(s,x,<p) =  V(s,x,y)cp(y) dy.
JRd JRJ

Note, that the function W(t, χ, φ) is the unique solution of the following equation

W(f,x, φ) =  W0(i,x, φ) + [ dr [ V0(t - t ,x ,z )W (t,z , φ)\α(ζ)\dz, (17)
Jo J R rf

where Wo(s,χ,φ) = / Vo(s,x,y)<p{y)dy.
J R d

Then the function U(s, χ, φ) can be given by the equality (see (5))

U(t,x,w) =  u(t,x,(p) + f  άτ j  g(t — τ ,x ,z )W (t,z ,φ)\α(ζ)\dz.
Jo J R d

Now, let us find the function U(t + s, χ, φ). We have

U(t + s, χ, φ) =u(t + s,x, φ) + ί άτ [ g(t + s — τ, x , z ) W ( t , z ,  φ)\α(ζ)\dz
Jo J Rd

=  J  dg(s> x,y)u{t,y,(p)dy

+ [ ,g{s' x'V )dy [  άτ [  z(t - τ ,у ,z)W(T,z,<p)\a(z)\dz 
j R d JO J R d

+ / dT g(t + s — r ,x ,z)W (t,z, φ)\α(ζ) \ dz 
Jt JRd

=  / „g(s,x,y)U(t,y,<p)dy
jRd

+ dr g(s - T,x,z)W(t + τ,ζ, φ)\α(ζ)\άζ.
Jo JRd

Therefore, the function Wt(s, χ,φ) =  W(t + s, χ, φ) satisfies the equation (17), where the func­

tion φ is replaced by U(t, ·, φ). Then W(t + s, χ, φ) =  W(s, x, U(t, ·, φ)) and we arrive at the 

equality U(t + s, χ, φ) =  U(s,x,U(t, ·, φ)) or, what is the same,

/  G(t + s,x,y)<p(y)dy= / G(s,x,z) G(t,z,y)(p(y) dy dz
jRd J Rd JRd

=  / (p{y)dy / G(s,x,z)G(t,z,y) dz.
jRd JRd

Then the relation (16) is proved because the function φ is an arbitrary bounded continuous 

one.

Next, we get / G(t, x, y)dy =  1 from (8) and (9), because there are obvious equalities
jR d

f Rctg(t’ x'y )dy =  1 and J ^ V 0(t,x,y)dy =  ( b x J^g (t,x ,y ) dy,e(x)^ = 0

for alH > 0, x Є R rf, and the uniqueness of the solution of equation (9) leads us to the identity 

j ^ V ( t ,x,y )dy =  0.

Unfortunately, we can not guarantee non-negativity of the function G(t,x,y) and the exis­

tence of a Markov process with the generating operator A + (α(·), B).
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Осипчук M.M. Про деяке збурення стійкого процесу та розв'язки задачі Коші для одного класу псевдо- 

диференціальних рівнянь. / /  Карпатські матем. публ. — 2015. — Т.7, №1. — С. 101-107.

З допомогою методу теорії збурень знайдено фундаментальний розв'язок деякого кла­

су псевдо-диференціальних рівнянь. Розглянуто симетричний α-стійкий процес в багатови­

мірному евклідовому просторі. Його генератор А є псевдо-диференціальним оператором 

чий символ задається функцією —с|Л|а, де а. Є (1,2) і с > 0 задані сталі. Векторнозначний 

оператор В має символ 2/с|Л|а-2А. Побудовано фундаментальний розв'язок рівняння ut = 

(А + (α(·), В))м з неперервною обмеженою векторнозначною функцією а.

Ключові слова і фрази: стійкий процес, задача Коші, псевдо-диференціальне рівняння, щіль­

ність ймовірності переходу.
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PRYIMAK Η.Μ.

HOM OM ORPHISM S AND FUNCTIONAL CALCULUS IN ALGEBRAS OF ENTIRE 

FUNCTIONS ON BANACH SPACES

In the paper the homomorphisms of algebras of entire functions on Banach spaces to a commu­

tative Banach algebra are studied. In particular, it is proposed a method of constructing of homo­

morphisms vanishing on homogeneous polynomials of degree less or equal than a fixed number 

n.

Key words and phrases: Aron-Berner extension, functional calculus, algebras of analytic functions 
on Banach spaces.
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1 In t r o d u c t io n  a n d  p r e l im in a r ie s

In 1951 R. Arens [1] found a way of extending the product of Banach algebra A to its bidual 

A" in such a way that this bidual became itself a Banach algebra. There are two canonical ways 

to extend the product from A to A" which called the Arens products. We recall definitions [2].

Let A be a commutative Banach algebra, X be a Banach space over the field of complex 

numbers C.

If x Є X and Л Є X' then we write (Л, x) =  A(x). For every a,b Є A, λ Є A' and Ф Є А" 

define а.λ Є А!, λ.α Є А', Л.Ф Є A' and Ф.Л Є A! by:

α.λ : b h-» (λ, ba),\.a : b ь-* (\,ab),

Л.Ф : b ι-> (Ф,Ь.Л),Ф.Л : b (Ф,Л.Ь);

and then define two products □ and 0 on A" by:

(ΦΠΥ,λ) =  (Φ,Υ.Λ),(ΦΟΥ,Λ) =  (Υ ,λ .Φ )(Φ ,Υ  Є А").

Then (А", □) and (А", 0) are Banach algebras. We say that A is Arens regular if for all

Φ, Y  Є A" we have ΦΠΥ =  Φ0Υ.

For a given complex Banach space X, V (nX) denotes the Banach space of all continuous n- 

homogeneous complex-valued polynomials on X. The problem of extending every element of 

V (nX) to a continuous n-homogeneous polynomial P on the bidual X" of X was first studied 

by Aron and Berner in 1978, who showed that such extensions always exist.

Let В : X x . . . x X  -) Cbe the symmetric n-linear mapping associated to P. В can be

extended to an и-linear mapping В : X" x ... x X" —> C. Let (z\,... ,zn) Є X" x .. . x X ".

For a net (xotk) from X which converges to zk in the weak-star topology of X" for each fixed 

k, 1 ^  k ^  n, we put

B(z i,.. .,z „ )  =  1і т . . .1іт В (хЛі, . . . ,х а„).
0C1 (X.n

Then the Aron-Berner extension P on X" to X is defined as

P(z) =  B (z ,...,z ),

where В is a unique continuous n-linear symmetric form for which P(x) =  В(x,. . . ,  x) for each 

x Є X.

Consider the complete projective tensor product Α ® π Χ. Every element of A ®π X can be 

represented by the form a = £  kak<S>n Xk> where ak Є A, xk Є X. For every а Є Α ® π Χ and 

/  Є Hb(X) (algebra of entire analytic functions of bounded type on a Banach space X) let us 

define f(a) in the means of functional calculus for analytic functions on a Banach spaces ([5]). 

Then /  is the Aron-Berner extension of / .

In [6] using the Aron-Berner extension and approach developed in [4] it was obtained a 

method to construct nontrivial complex homomorphisms of Hb(X) vanishing on homoge­

neous polynomials of degree less or equal that a fixed number n. In this paper we extend 

this result for Banach algebra valued homomorphism.

2 M a in  r e s u l t s

Recall that X is a left А-module (X is a left module over A), if exists a bilinear map A x X —> X, 

(a,x) i-* a · x such that (a\ ■ a2) ■ x =  a\ ■ (a2 · x), where Яі, a2 Є A, x Є X. It is easy to prove that 

A <8>π X is a left А-module. So, using Theorem 2 ([3], p.297) we can easy obtain the following 

proposition.

Proposition 1. (А ®7г X )" is a left A'1 -module.

In [7] it is proved a theorem about a homomorphism of algebras Hb(X) and 

Hb( (A ® n X"), A) in the case when A is some finite dimensional algebra with identity. The 

following theorem extends this result for the case of an infinite dimensional algebra A.

Proposition 2. Let A be the Arens regular Banach algebra. For every f  Є Hb(X) there exists a

function f  Є Hb((A <g>7r X )", A") such thatf(e ® x) =  ef(x), x Є X and the mapping F : f  и /  

is a homomorphism between algebras Hb(X) and Hb((A (g>n X)", A").

The proof it easy follows from the fact that both the Aron-Berner extension and functional 

calculus are topological homomorphisms ([4], [5]).

Example 1. Let us show that in the case if A is not Arens regular· then the map F is not neces­

sary a homomorphism. Let A =  i\, X =  C2. We need to prof that

F : Нь{ C2) ^  Hb((i\ ®n C2) " , 0  the are f ,g  Є Hb(C2) such thatF(fg) φ F(f)F(g).

For each t — (t\,t2) Є C2 put f(t) — h,g(t) =  t2 and apply the extension operator 

C2 9 t x є t\ x t\ and the Aron-Berner extension £-] x t\ з x u =  (u\, u2) є ico x ο̂ο· 

Then

7 (x ) =  *1 e l\, g{x) =  X2 Є t\, f(x)g(x) =  Xl * X2,
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where " * " is the convolution product in i\. Suppose that

J(u) = ui Є I", f  (и) = u2 Є

Then we have f  (u)g(u) =  U\DU2 and # («)/(«) — «ιΦ«2 =  «i[H«2·

Since U\0u2 φ Ui D u2 in the general case so, we can conclude that F is not a homomor­

phism.

On the other hand, fg(t) =  t\ ■ t2 =  P(t) — homogeneous polynomial of second degree 

vector variable t. It is known that P(t) =  B(t, t) is bilinear form which is uniquely determined 

by the polarization formula:

Then

and we have

B(x,x) =

2
*1 * X2 + *2 * Xi

B(u)

2

UiOU2 + UiOU2 U2OU1 + ІІ2ОЩ

2 2 
So, B(u, u) =  P(u) = Jg (t)  φ f(t)g (t).

Next, we consider the case when A is a reflexive Banach algebra. Let us denote by V(nX) 

the Banach space of all continuous «-homogeneous complex-valued polynomials on X. 

Vf(nX) denotes the subspace of «-homogeneous polynomials of finite type, that is, the sub­

space generated by finite sum of finite products of linear continuous functionals. The closure 

of Vf(nX) in the topology of uniform convergence on bounded sets is called the space of ap- 

proximable polynomials and denoted by Vc(nX).

Let us denote by A„(X) the closure of the algebra, generated by polynomials from V (^nX) 

with respect to the uniform topology on bounded subsets of X. It is clear that 

Ax(X )n V (nX) =  Vc(nX).
Let us denote by C{Hb(X), A) the space of all continuous и-linear operators on Hb(X) to A 

and let М д(Нь(Х)) be the set of all homomorphisms on Hb(X) to A.

In [4] introduced a concept of radius function Κ(φ) of a given linear functional φ Є Hb(X)' 

as the infimum of all numbers r > 0 such that φ is bounded with respect to the norm of 

uniform convergence on the ball rB and proved that

R(cp) =  lim sup H ^ ll17",
n—>00

where φη is the restriction of φ to V{nX). In [7] extended this definition to a homomorphism 

Ф Є M а(Н ь(Х)), that is, К(Ф) is the infimum of all numbers r > 0 such that Ф is bounded 

with respect to the norm of uniform convergence on the ball rB and proved that

К(Ф) =  limsup ||Фи||1/и, (1)
n—>00

where Ф,, is the restriction of Ф to space «-homogeneous polynomials.

Theorem 1. Suppose that Ф„ Є £{V (nX), A) for n Є Z+, and suppose that the norms of Ф„ 

on V(nX) satisfy

||Ф„|| < csn

forc,s > 0. Then there is a unique Ф Є C(Hb(X), A) whose restriction to V (nX) coincides 

with Фп for every n Є Z+.

Proof. For any character Θ Є M (A), ||0|| =  1 we construct operator Φ„ : V{nX) -> A. Then θ o 

Ф„ Є (V(nX ))' and ||0οΦ„|| < ||Φ„||. Since ||Φ„|| < csn, then every Θ satisfies the inequality 

||0 ο Φ„ d < csn. From [4, Proposition 2.4] it follows that for every Θ there exists linear functional 

φ : Hb(X) -4 C ,f) G Hb(X)', such that φη =  θ ο Φη. Therefore, we have operator T : A' -> 

Hb[X)', θ ί—> φ and T* is the adjoint operator to T:

Г  : Hb(X)" -> A" =  A.

Let us consider the restriction of T* on Hb(X) C Hb(X)" and denoted it by Φ. Clearly 

Φ : Hb(X) —> A is a required operator.

In order to prove that the restriction Φ to V (nX) coincides with Φ„ it is enough to show that 

Φ n(P) =  φ (P) for every P Є V (nX). Put Ф„(Р) =  «!, θ(αι) =  C\ Є C, that is 

(θ ο Φ„)(Ρ) =  φη(Ρ) =  C\. On the other hand, Ф(Р) =  «2/ that is (θ ο Φ )(P) =  φ(Ρ) =  c2. 

Since φ„ is restriction of φ, φ(Ρ) =  c2 =  ψη{Ρ) =  clr =>· C\ =  c2 =  c. So, the equality 

(θ ο Φ )(Ρ) =  (θ ο Φ ,,)(P) =  c for every Θ implies that Φ„(Ρ) =  Φ(Ρ). □

In the work [6] it was formulated and proved the Lemma 1 on extension of the linear func­

tional φ Є Hb(X)f to character ψ Є M b. The following theorem is a generalization of the known 

lemma and is related to the study of extension of linear operator to the homomorphism.

Theorem 2. Let Ф Є C(Hb(A X), A) be a linear operator such that Φ (P) =  0 for every 

P Є V(m(A 07Г X), А) Π Am_i(A  X), where m is a fixed positive integer and Фт be the 

nonzero restriction of Ф to V(m( A 07Г X)).

Then there is a homomorphism Y Є М Л(НЬ(А 0 π X)) such that its restrictions Υλ to 

V(k(A(8>тгХ)) satisfy the conditions: Y k =  0 forallk < m and Y,„ =  Φ,„. Moreover, the radius 

functions of Y is calculated by the formula

||Фш||1/ш < R(Y ) < е||Фт ||1/ш.

Proof For every polynomial P Є V{mk{A ®π X)) we denote by P(m} the polynomial from 

'P(!‘®Tln{A ®n X)) such that P ^ ( a® m) =  P(a).

Since Фш ф 0, there is an element ω  Є (A ®S/7r X )", ω  ф 0 such that for any «/-homogene­

ous polynomial P,

Φ (P) =  ф т(Р) =  Р („ )М , IMI =  ||Фт||/

where P(m) is the Aron-Berner extension of linear functional Р(ш) from <8>™π(Α ®π X) to 

®n X )"■ For an arbitrary «-homogeneous polynomial Q Є V(n(A ®π X)) we set

Y(Q) =  /  itn =  mk for some k - °' (2)
I 0 otherwise,

where Q(,„) is the Aron-Berner extension of the ^-homogeneous polynomial Q (w) from

®^7γ(Α ®π X) to ®™π(Α ®n X )" .

Let (ua) be a net from ®™π(Α ®π X) which converges to w in the weak-star topology of 

®”,Vr(A ®n X )", where a belongs to an index set 21. We can assume that every uK has a repre­

sentation ua =  ц ш (й;> ®n XjA)®m =  E/eN p fa  for some ajA Є A, xjA Є X.

Now we will show that Y(PQ) =  Y(P)Y(Q ) for any homogeneous polynomials P and Q.

1) Let us suppose first that deg(PQ) =  mr + / for some integers r > 0 and m > I > 0. Then 

P or Q has degree equal to mk + s, k > 0, m > s > 0. Thus, by the definition Y(PQ) =  0 and 

Y(P)Y(Q ) =  0.



2) Suppose now that for some integer r > 0 deg(PQ) =  mr. If deg P =  mk and deg Q =  mn 

for k ,n>  0, then deg(PQ) =  m(k + n) and

Y(PQ) =  (PQ)(W)H  =  P{m)(w)Q{m)(w) =  Y(P)Y(Q ).

3)Let at last deg P =  mk +I and deg Q =  mn-\-r,l,r>0,l + r =  m. Write

1 1 

(degP + degQ)! “  (m(k + n + 1))!'

Denote by Fpq the symmetric multilinear map, associated with PQ. Then 

(«1/ · ■ ·' ̂ m(k+n+l)J

T, Fp (яи(1)' ■ · · / acr{mk+l)) -Fq {a<r(mk+l+l)> ···> aa(m(k+n+1))) '
РЄ.̂ т(к+п+1)

where 6 m(fc+„+i) is the group of permutations on { l , ... ,m(k + n + 1)}· Thus, for 

®i, · · ->ak+n+l Є 21 we have

ip(PQ) =  (PQ)(m) H  =  lim Fpq (uei, . . . ,  M«,+„+1)
4 Kl/---Ak+n+l

t PQ 

=  v

=  .,  h „ U E « ........E C -
Vy'eN ;€ N

=  ν У] lim
αίΓ(1)'···'ασ():+η+1)

£гЄ(Ьт(*:+п+1) w

Σ  (̂ jcr(l)Acr(l)' ' ' ' ' аІа(к)'асг(к)/1*Іс(к+1)’аа(к+1))
jl'—'jk+n+lelN

X (aja(k+l)’aa(k+l)'ajc(k+2)’a(r(k+2)'' ' *' ЯЛг(к+и+1)'а(г(*+іі+1)) '

Fix some c Є 6 m(fc+„+i) and fix all aja(i)Aff{i) for i < k and for і > k + 1. Then

Σ  ' а Іс(к )’л<г(к)' a j(r(k+ l)'a a{k+\))

jv...,jk+n+1ebi ^k+1>

X ^ Q  (^(Jc+ljArfit+l)' Я Іа{к+2)’а сг(п+2)' ' "  '  Я І<г(к+п+1)'л<г(к+п+\)) '

because for a fixed ^ σ{ί)Ασ(ί)>г < Κ

РЛу) : =  Σ  Fp (^ϋ(Ι)Ατ(Ι)' ■ ■ ■’ І̂а(к)Аа{к)'У )
)ι-···ΛΑ+2-···Λ+»+ιεΝ

is an /-homogeneous polynomial and for fixed ak(r(i)Acr{i), i >  k + l ,

Q c r (y )  · '  ^/cr(t+2)'a <r(n+2)/ " ’ ’ '  ^Лг(к+и+1)'а <7(»:+и+1))

h>—>}bik+2>—ijk+n+l^

is an r-homogeneous polynomial. Thus, PaQa Є A m-\(A ®π X). Hence,

lim(Pi7Qi7)(m)(ua) =  Y(P<7-Qct·) =  0
OC v '

for every fixed σ. Therefore, Y(PQ) =  0. On the other hand, Y (P)Y(Q ) =  0 by the definition 

o fY S o ,Y (P Q ) =  Y(P)Y(Q).

Thus, we have defined the multiplicative operator Y  on homogeneous polynomials. We can 

extend it by linearity and distributivity to a homomorphism on the algebra of all continuous 

polynomials V(A ®π X).

If Y„ is the restriction of Y  to V(n(A ®π X)), then ||Y«|| =  if n/m is a positive

integer and H Y n II = 0  otherwise. Hence, the series

γ= Σ  y«
neN

is a continuous homomorphism on Hj,(A ®π X) by Theorem 1 and the radius function of Y 

can be computed by R(Y) =  lim sup || Y n | | > lim  sup ||n;||”/m" =  ||rt>||1//w =  ||Фт ||1̂ w- On
П-+СО n-̂ oo

the other hand, ||Y„|| =  sup||P||=1 |Υ«(Ρ)| =  sup||P||=1 |P(m)(w)|. Since

l^(m )H I < \Mn/m\\P(m)\\ <c(nrA0nX)\\w\\n/m\\P\\,

we have

||Y„|| < c ( n ,A ® n X)\\w\\n/m < \̂\w\\n/m =  ^||Фт|Г/ш-II II \ / II II II II II II

So R(Y) < е||Фт ||1/m. The theorem is proved. □
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Приймак Г.М. Гомоморфізми і функціональне числення в алгебрах цілих функцій на банахових про­

сторах / /  Карпатські матем. публ. — 2015. — Т.7, №1. — С. 108-113.

Досліджено гомоморфізми алгебри цілих функцій обмеженого типу на банахових просто­

рах в комутативну банахову алгебру. Зокрема, запропоновано метод побудови гомоморфі- 

змів, які є нулем на однорідних поліномах степеня, що не перевищуе деяке фіксоване число 

п.

Ключові слова і фрази: Продовження Арона-Бернера, функціональне числення, алгебри 

аналітичних функцій в банахових просторах.
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I n t r o d u c t io n

Since the majority of the papers is devoted to the evaluation of covariance function with 

given accuracy in the uniform metric that is why in this paper we set the task to estimate 

the covariance function Β(τ) of a Gaussian homogeneous isotropic random field with given 

accuracy and reliability in Lp(T),p > 1. We construct a criterion for testing the hypothesis 

that the covariance function of homogeneous and isotropic Gaussian random field ξ(χ) equals 

Β(τ). We shall use spherical correlogram

6(T) =  U JR )Un(R) JvR(o)

as the estimator of the function B(r).

Definition of the square Gaussian random vector was introduced by Yu. Kozachenko and 

O. Moklyachuk in the paper [9]. They also received estimates for distributions of square Gaus­

sian random vectors. Applications of the theory of square Gaussian random variables and 

stochastic processes in mathematical statistics were considered in the paper [8] and in the 

book [3]. A lot of the papers so far have been dedicated to estimation of covariance function of 

Gaussian random process and field, in particular the books [5], [1] and [15]. The main prop­

erties of the correlograms of the stationary Gaussian stochastic processes were studied by V. 

Buldygin and Yu. Kozachenko in the book [3]. Exponential inequalities for the distribution of 

the deviations correlograms from respective covariance function in the uniform metric were 

considered in the papers [8], [10] and [11]. Asymptotic normality of correlograms in the space 

of continuous functions were given by V. Buldygin and V. Zayats in the paper [4]. Issues of 

asymptotic normality of correlograms in the certain functional spaces were discussed in the 

papers by O. Ivanov [6] and V. Buldygin [2]. Leonenko and O. Ivanov in the book [7] consid­

ered asymptotic properties for estimates of covariance functions. In the papers [14] and [13]

Yu. Kozachenko and T. Fedoryanich constructed a criterion for testing hypotheses about the 

covariance function of a Gaussian stationary process. A criterion for testing hypotheses about 

the covariance function of a stationary Gaussian stochastic process with given accuracy and 

reliability in Lp(T), p > 1 is constructed in the paper [12].

1 R e q u ir e d  in f o r m a t io n

D efin ition i ([3]). Let T be a parametric set and let Ξ  =  {£f : t Є T} be a family of Gaussian 

random variables such that E£f =  0. The space SG3 (Ω ) is called a space of square Gaussian 

random variables if any ζ Є SGs(Q) can be represented as

ζ =  ξ 1Α ξ - Έ ξ τΑξ,

where ζ =  (ξ\,..., £дг)Т with ξι< Є Ξ, /c =  1,..., η, and A is an arbitrary matrix with real-valued 

entries, ΟΓΪίζ Є SGs(n) has the representation

ζ =  lim  ( ξ ζ Α ξ ,- Έ ξ ϋ Α ξ Λ .
П-Уоо \ /

Theorem 1 ([12]). Let {T ,21 ,p}be a measurable space, where T is a parametric set and let 

X — {X(t),t є T} be a square Gaussian stochastic process. Suppose that X is a measurable

process. Further, let the Lebesgue integral f  (EX2(t))%dp(t) be well defined for p > 1. Then
T

the integral f  (X(t))pdfi(t) exists with probability 1 and
T

P J  I X(t) \P άμ(ή > ε I < 2\ 1 + exp <

C p y/2 C '

(1)

for all ε > + \Z(f + I)/7) Cp,whereCp =  J  (EX2(t))^d}i(t).

Definition 2 ([15]). Random field ξ — {£(*), ί Є R"} is called homogeneous in the wide sense 

in R" ΐίΈξ(χ) =  const, x Є R ” and

E£(x)£(y) =  B(x — y) =  f  el^ ,x~^dF(\),x,y e R".

R'1

Definition 3 ([15]). Let SO(n) be a group of rotations !R" around the origin. Homogeneous 

random field ξ(χ) is called isotropic if  Εξ (χ)ξ (у) — Ε ξ (§ χ )ξ ^ )  for all g e SO(n).

We denote by Sr (x) and Vr(x) sphere and ball of radius R centered at a point x respectively. 

Let be a Lebesgue measure on Sr(x). By Un(R) and cvn(R) we denote the volume of

ball and the surface area of the sphere of radius R in R" respectively.

Consider a random field

=  z t t r t L  , A y ) m{n\dy).
u n(R) JSR(x)
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Theorem 2 ([15]). Random field щ(х) is homogeneous and isotropic. Homogeneous and 

isotropic random fields ?/r(x) and ζ(χ) are related each other and the following equalities 

hold pOO
Εηκλ(χ,)ηκ2(χ2) =  JQ Υ η № ι )Υ η № 2)Υ„(λτΧιΧ2)<1Φ(λ), (2)

ГОО

Έηκι(χι)ζ(χ2) =  /  Υη№ )Υ „(λ τΧιΧ2)άΦ(λ),
J  0

where

7h-2(z)
Yn(z) =  2ri~Γ ( I)  T -ζ JS a spherical Bessel function, Φ(Λ) =  J

---\-Vn<\

is a finite measure on σ-algebra B„ Borel sets of R". 

τχιχ2 =  \x\ — x2\ is a distance between the points X\ and x2.

(3)

F(dv), F(-)

2 Construction criterion for testing hypothesis about the covariance

FUNCTION OF THE HOMOGENEOUS AND ISOTROPIC RANDOM FIELD

Let ζ(χ) be a continuous in mean square homogeneous and isotropic Gaussian random 

field in R " with zero-mean. Without any loss of generality, we can assume that the sample 

paths of the field ζ(χ) are continuous with probability one on any bounded and closed set.

Let the random field ξ(χ) be observed on the ball Vr+t(0), r  > 0, and let the spectral 

function of the field Φ(Α) be absolutely continuous.

Theorem 3. Let a spherical correlogram

Β(τ) =  — -7—r ί ζ(χ) (— V t  ί I dx =  ^ , ί ζ(χ)ητ(χ)άχ (4)
1 j Un(R)JvR( o r K J \<vn(r) JSr(x) bW 7  Un(R) JvR(0) bK

be an estimator of the covariance function Β(τ). Then the following inequality holds for all

f  + l )p) Cp:

τ) — Β(χ))ράτ > ε

'\

, , eVPy/2.
1 Η----γ—  exp

c p

1
£P

V2c;

where

CP =  7717Ж Ґ  ί  , , I  , , Г^(Ат)У„(А|х-у|)<(Ф (А )
u„(k) Jo Jvr{o) JvR(o) \

+ j  У„(Лт)У„(Л|х - уІ)^Ф(Л) ^ dxdydx

and 0 < A < oo.

Remark 1. Since the sample paths of the field ζ(χ) are continuous with probability one on the 

ball Vr+t(0), B(t) is a Riemann integral.

Proof. Consider

Е(Б(т) - β(τ))2 =  Е(В(т))2 - β2(τ).

From the Isserlis equality for jointly Gaussian random variables and relationships (2) and (3) 

it follows that

E®2(T) = T m k m L

+ Е£(*)£(у)Е>7т(*)>7т(у) + Έ.ξ(χ)ητ(^)Έ,ξ^)ητ (χ)) dxdy

—  /  ί
Un(R ) JvR(0) JvR(0)

r oo

/ Υη(λτ)Υη(0)άΦ(λ) 
o
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=  ®  X , (o, X ,(0) ( β2(τ) +  β(|ϊ -  yl) Г  ^(Ат)Г„(Ак -УІМФ(А)

/•OO
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+

+
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dxdy =  B2(r)
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-'Vr(O) Jvr(o) V 70
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Therefore,

Ε^ τ> - Β (τ» 2 =  щ к  L ,  / ,R(„, ί 8 " 1 - »ΐ) Γ  г»2(Ат)у" (Аі- - ^ φ <λ>

+
η 00

/ У„(Ат)У„(А|х — у|)^Ф(А) 
»/ 0

dxdy. (5)

Since Β(τ) — β(τ) is a square Gaussian random field (see Lemma 3.1, Chapter 6 in book 

[3]), then it follows from the Theorem 1 that

Г A

P < J (β(τ) — Β(τ))ράτ 

.ο

> ε > < 2

'\

,  ε17Ρ\/2
1 -I-γ— exp

CP

£P

V2CL·

.

Applying equality (5) we get

=  ЩЩ C  Sv,m L  ( Β(|ϊ '  y,) Γ
+

r oo

/ Уи(Ат)У„(А|х — у|)йФ(А) 
io

J  dxdydr.

□



Denote

S(e) =  2

\

1 + exp <

і
£P

.

Cp V2C'

From the Theorem 3 it follows that i i  ε > zp — Cp + ^ /(f + 1 )p) , then

P i  J (B(τ) - Β(τ))ράτ > ε < £(ε)·

Let ε̂  be a solution of the equation g(e) — δ, 0 < δ < 1. Put =  max-fe^z^}. It is obviously 

that g(Ss) < δ and

P < J (Β(τ) - Β(τ))ράτ > S$ < <5. (6)

Let H  be the hypothesis that the covariance function of homogeneous and isotropic con­

tinuous in mean square Gaussian random field ξ(χ) equals Β(τ) for 0 < τ < A. From the 

Theorem 3 and (6) it follows that to test the hypothesis H  one can use the following criterion. 

Criterion 1 For a given level of confidence δ the hypothesis H  is accepted if

/1

J ( % )  - Β(τ)Υάμ(τ) < Ss

otherwise hypothesis is rejected.

Remark 2. The equation g(£) =  δ has a solution for any δ > 0, since g(e) is a monotonically 

decreasing function. We can find the solution of equation using numerical methods.

Remark 3. One can easily see that Criterion 1 can be used if Cp —» 0 as R —> oo.

3 Conclusions

In this paper, we constructed a new criterion for testing hypothesis about the covariance 

function of homogeneous and isotropic Gaussian random field. The evaluation is carried out 

by observing for the random field on the ball. We regard spherical correlogram as the estimator 

of the covariance function.
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В даній роботі розглядаються однорідне та ізотропне неперервне в середньому квадрати­
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ційної функції однорідного та ізотропного випадкового поля.
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ON THE STRUCTURE OF SOME MINIMAX-ANTIFINITARY MODULES

Let R be a ring and G be a group. An R-module A is said to be minimax if A includes a noetherian 

submodule В such that A /В  is artinian. It is studied a Z p~G-module A such that Л/Сд(Н) is 

minimax as a Z p<»-module for every proper not finitely generated subgroup H.
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I n t r o d u c t io n

The modules over group rings RG are classical objects of study with well established links 

to various areas of algebra. The case when G is a finite group has been studying in sufficient 

details for a long time. For the case when G is an infinite group, the situation is different. The 

investigation of modules over polycyclic-by-finite groups was initiated in the classical works 

of P. Hall [3,4]. Nowadays, the theory of modules over polycyclic-by-finite groups is highly 

developed and rich on interesting results. This was largely due to the fact that a group ring 

RG of a polycyclic-by-finite group G over a noetherian ring R is also noetherian. This allowed 

developing an advanced theory of such rings and obtain deep results about their structure. 

For group rings over some other groups (even over well-studied groups, as for instance, the 

Chernikov groups) the situation is not so good since these rings have quite a sophisticated 

structure. In particular, they are neither Noetherian nor Artinian. In such cases, it is not always 

possible to conduct the study of modules based only on the ring properties. So naturally 

there is a need for other approaches. Application of the finiteness conditions, particularly 

the use of the minimal and maximal conditions, proved to be very effective in the classical 

theory of rings and modules. Noetherian and artinian modules over group rings are also very 

well investigated. Many aspects of the theory of artinian modules over group rings are well 

reflected in the book [9]. Lately the so-called finitary approach is under intensive development. 

This is mainly due to the progress which its applications have found in the theory of infinite 

dimensional linear groups.

Let R be a ring, G a group and A an RG-module. For a subgroup H of G we consider the 

R- submodule Ca (H). Then H acts on A /Ca (H). The R-factor-module A /C a (H) is called 

the cocentralizer of H in A. The factor-group H /C h (A/Ca (H)) is isomorphic to a subgroup 

of automorphisms group of an R-module A /C a (H). If x is an element of Сн(А/Сд(H)), 

then x acts trivially on factors of the series (0) < Ca (H) < A. It follows that Ch (A/Ca (H))

is abelian. This shows that the structure of H to a greater extent is defined by the structure 

of Ch {A/Ca {H)), and hence by the structure of the automorphisms group of the R-module

A/Ca (H).

Let 9Л be a class of R-modules. We say that A is an Ш-finitary module over RG if А /С  a (x) Є 

Ш for each element x Є G. If R is a field, Cg (A) =  (1), and ШЇ is the class of all finite dimen­

sional vector spaces over R, then we come to the finitary linear groups. The theory of finitary 

linear groups is quite well developed (see, for example, the survey [11]). B.A.F. Wehrfritz be­

gan considering the cases when Ш is the class of finite R-modules [13,15,16,18], when Ш is 

the class of noetherian R-modules [14], when ШТ is the class of artinian R- modules [16-20]. 

The artinian-finitary modules have been considered also in the paper [10]. The artinian and 

noetherian modules can be united into the following type of modules. An R-module A is 

said to be minimax if A has a finite series of submodules, whose factors are either noetherian 

or artinian. It is not hard to show that if R is an integral domain, then every minimax R- 

module A includes a noetherian submodule В such that А /В is artinian. The first natural case 

here is the case when R =  Z  is the ring of all integers. B.A.F. Wehrfritz has began the study 

of noetherian-finitary and artinian-finitary modules with separate consideration of this case. 

This case is of particular importance in applications, for instance, it is very important in the 

theory of generalized soluble groups.

Let G be a group, A an RG-module, and VJl a class of R-modules. Put

&m(G) =  {Η  І Я  is a subgroup of G such that A /Ca (H) Є ШЇ}.

If A is an ШЇ-finitary module, then Cgjj(G) contains every cyclic subgroup (moreover, every 

finitely generated subgroup whenever Ш satisfies some natural restrictions). It is clear that the 

structure of G depends significantly on which important subfamilies of the family A(G) of all 

proper subgroups of G include Cjrrt(G). Therefore it is interesting to consider the cases when 

the family C$fi(G) is large. In almost all groups (with exception of noetherian groups), the 

family of subgroups which is not finitely generated is much larger than the family of finitely 

generated subgroups. It is therefore interesting to consider the case, which is dual to the case 

of an 9H-finitary module.

Let R be a ring, G be a group and A be an RG-module. We say that A is minimax-antifinitary 

RG-module if the factor-module A /Ca (H) is minimax as an R-module for each not finitely 

generated proper subgroup H and the R-module A /C a (G) is not minimax.

This current work is devoted to the study of the minimax-antifinitary G-modules. Here 

Zp» denotes a ring of p-adic number. The ring Z p~ play a very specific role in the theory of 

modules over group rings. It is principal ideal domain and, in the other hand, it is a valuation 

ring. The study breaks down naturally into the following cases. Put

CoCzpoo-mmx(G) =  ( x І А / Сд (x) is a minimax Z p°° — module}.

The first case is the case when G =  Cocz p0°-mmx(G)· this case, every proper subgroup of 

G has a minimax cocentralizer. This case was considered separately in another paper. The 

second case is the case when G φ Cocz „ _mmx(G) and the group G is not finitely generated. 

The third case is the case when G φ Coc^ ю-mmx(G) and the group G is finitely generated. 

The current article is dedicated to the second case. Here we consider the modules over groups, 

which belong to the following very large class of groups.
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A group G is called generalized radical, if G has an ascending series whose factors are lo­

cally nilpotent or locally finite. Hence a generalized radical group G either has an ascendant 

locally nilpotent subgroup or an ascendant locally finite subgroup. In the first case, the locally 

nilpotent radical Lnr(G) of G is non-identity. In the second case, it is not hard to see that G 

includes a non-identity normal locally finite subgroup. Clearly in every group G the subgroup 

Lfr(G) generated by all normal locally finite subgroups is the largest normal locally finite sub­

group (the locally finite radical). Thus every generalized radical group has an ascending series 

of normal subgroups with locally nilpotent or locally finite factors. A group G is called locally 

generalized radical group, if every finitely generated subgroup is generalized radical. The class 

of locally radical group is very large, in particular, it includes all locally finite groups and all 

locally soluble groups.

The main result is a following.

Theorem 1. Let G be a locally generalized radical group, A a minimax-antifinitary Z p<*>G- 

module, and D =  Сос%рСО_mmx{G). Suppose that G is not finitely generated, G Ф D and 

C g ( A )  =  (1). Then G is a group of one of the following types.

1. G is a quasicyclic q-group for some prime q.

2. G =  Q x (g) where Q is a quasicyclic p-subgroup, g is a d-element and gd Є D, p, d are 

prime (not necessary different).

3. G includes a normal divisible Chernikov p-subgroup Q, such that G =  Q(g) where g is 

a d-element, p, d are prime (not necessary different). Moreover, G satisfies the following 

conditions:

(a) gd Є D;

(b) Q is G-quasifinite;

(c) ifp  =  d, then Q has special rank dm~l (d — 1) where dm =  \ (g) / C(g\ (Q) |;

(d) if  p Ф d, then Q has special rank o(p, dm ) where again dm =  |(g)/C^(Q)| and

o(p, dm) is the order ofp modulo dm.

Furthermore, for the types 2, 3 A(cvZp°oD) is a Chernikov p-subgroup.

Here ojRG be the augmentation ideal of the group ring RG, the two-sided ideal of RG gen­

erated by all elements g — 1, g Є G.

Recall also that an abelian normal subgroup A of a group G is called G-quasifinite if every 

proper G-invariant subgroup of A is finite. Clearly that in this case either A is a union of 

its finite G-invariant subgroups or A includes a finite G-invariant subgroup В such that the 

factor А /В is a G-chief. At the end of the article, we provide the examples showing that all the 

situations that arise in the theorem can be realized.

1 So m e  p r e l im in a r y  results

Let R be a ring and 9Л a class of R-modules. Then 9Л is said to be a formation if it satisfies 

the following conditions:

FI. if А Є 9Л and В is an R-submodule of A, then А /В  Є ШЇ;

F2. if A is an R-module and Βι,.,.,Β^ are R-submodules of A such that A/Bj Є ЯЯ,

1 < j < k, then А / (Βι П ... П В*;) Є 9Л.

Lemma 1. Let R be a ring, Ш a formation of R-modules, G a group and A an RG-module.

(i) IfL, H are subgroups ofG such that L < H  and А/Сд(Н) Є 9Я, then A /C a (L) Є ТІ.

(ii) IfL, H are subgroups of G whose cocentralizers belong to Tt, then А/Сд((Н, L)) Є 9Л.

Proof The inclusion L < H implies that Ca (L) > Ca (H). Since А /Сд(Н ) Є ТІ and 9Л is a 

formation, А /Ca(L) Є ШТ. Clearly Сд((Н, L)) <  Сд(Н) П Ca(L). Since is a formation, 

А /(CA(H) П Ca (L)) Є ШЇ. Then we have A /C a ({H,L)) Є 9Л. □

Lemma 2. Let R be a ring, 9Л a formation of R-modules, G a group and A an RG-module. 

Then

Cocgjj(G) — {x Є G І А/Сд(х) Є ЯЯ}

is a normal subgroup of G.

Proof. By Lemma 1 Cocjji(G) is a subgroup of G. Now let x Є Cocot(G), g Є G. Then 

Ca (xs) =  Сд(х)^. Since the mapping а н>■ ag, a Є A, is R-linear,

A /C a (x) Ag/CA(x)g =  A /CA(x)g =  A /Ca (x8),

which shows that A /Ca (xs) Є and hence x# Є Cocot(G). □

Clearly the class of minimax modules over an integral domain R is a formation and so we 

obtain the following result.

Corollary 1. Let R be a ring, G a group and A an RG-module.

(i) L, H are subgroups of G such that L < H and a factor-module А /Сд (H) is minimax, 

then A /C a (L) is also minimax.

(ii) If L, H are subgroups of G whose cocentralizers are minimax, then A / Ca ({H, L)) is 

also minimax.

Corollary 2. Let R be a ring, G a group and A an RG-module. Then

CocR-mmx(G) =  {x Є G I A / Ca(x)is minimax}

is a normal subgroup ofG.

A group G is said to be perfect if G does not include proper subgroups of finite index.

Lemma 3. Let G be a locally generalized radical group and A be a Z p̂ G-module. Suppose 

that A includes a Z p™-minimax Жp™G-submodule B, which is minimax. Then the following 

assertions hold:

(i) G / Cg (B) is soluble-by-finite;

(ii) i f G / C g {B ) is periodic, then it is nilpotent-by-finite;

(iii)ifG /CG(B) is $-perfect and periodic, then it is abelian; moreover [[B, G], G] =  (0).



Proof. Without loss of generality we can suppose that Cq (B) — (1). Since В is minimax, it has 

a series of G-invariant subgroups (0) < D < K < В where D is divisible Chernikov subgroup, 

K /D  is finite, and B/K is torsion-free and has finite Z p~-rank. In particular, the n (D ) =  

{p}. Clearly D is G-invariant. The factor-group G/Cg(D) is isomorphic to a subgroup of 

GLm(Qp°°) where Qpo° is the field of fractions of Z p~ and m satisfies qm =  |Ωι(ϋ)|. Let Q p°° be 

a field of fractions of Z p~, then G/Cq (D) is isomorphic to a subgroup of GLm (Qp°°). Note that 

char(Qpco) =  0. Being locally generalized radical, G /Cc(D) does not include the non-cyclic 

free subgroup; thus an application of Tits Theorem (see, for example, [12, Corollary 10.17]) 

shows that G/Cg (D) is soluble-by-finite. If G is periodic, then G/Cg (D) is finite (see, for 

example, [12, Theorem 9.33]). Since K /D  is finite, G/Cq{K/D) is finite. Finally, G/Cg (B/K) 

is isomorphic to a subgroup of GLr(Qp<*>), where r =  т%рСа(В/К). Using again the fact that 

G/Cg (A/K) does not include the non-cyclic free subgroup and Tits Theorem or Theorem 9.33 

of the book [12] (for periodic G), we obtain that G/Cc(B/K) is soluble-by-finite (respectively 

finite whenever G is periodic). Put

Z =  CG(D) n  Cc (K /D ) n  CG{B/K).

Then G /Z  is embedded in G/Cq{D) П G/Cg{K/D)  П G/Cc(B/K),  in particular, G /Z  is 

soluble-by- finite (respectively finite).

If x Є Z, then x acts trivially in every factors of the series (0) < D < K < A. By Kaloujnin's 

theorem [7] Z is nilpotent. It follows that G is soluble-by-finite (respectively nilpotent-by- 

finite).

Suppose now that G is an ^-perfect group. Again consider the series of G-invariant sub­

groups (0) < K < B. Being abelian and Chernikov, K is a union of the ascending series

(0) =  K0 < Ki < ... < Kn < Kn+1 < ...

of G-invariant finite subgroups Kn, п Є N . Then the factor-group G/Cc(Kn) is finite for every 

n Є N . Since G is ^-perfect, G =  Cc(K„) for each n Є N . The equality K — UneN Kn implies 

that G =  Cg(K). A s proved above, since G/ Cq(B/ K) is soluble-by-finite and ^-perfect, it is 

soluble. Then G/Cc(B/K) includes normal subgroups U, V such that Cg(B/K) < U < V, 

U/Cg(B/K) is isomorphic to a subgroup of UTr(Qp<*>), V/U  includes a free abelian subgroup 

of finite index [1, Theorem 2]. Since G/Cg(B/K) is 5-perfect, it follows that G/Cg(B/K) 

is torsion-free. Then G/Cg(B/K) must be identity, because it is periodic. In other words, 

G =  Cg(B/K). Hence G acts trivially in every factors of a series (0) < K < B, so that 

[[B, G], G] =  (0), and using again Kaloujnin's theorem [7], we obtain that G is abelian. □

Lemma 4. Let G be a Chernikov q-group and A a Z p̂ G-module. If А /С  A(G) is minimax (as 

a Zpoo-module), then the additive group of A{ojZp̂ G) is a Chernikov p-subgroup and q =  p.

Proof. For each element x of G consider the mapping δχ : A —>· A, defined by the rule 

δχ(α) =  α(χ — 1), а Є A. Clearly this mapping is a Z p°o-endomorphism of A, Ker(<5x) =  CA(x) 

and Im (^ ) =  Α (ω Ζ ρ°° (χ)) =  A(x — 1). Hence

A(x - 1) =  Im(£x) = z poo A/Ker(Sx) =  A /C a (x).

Since А /С  a (G) is minimax, it has finite special rank r for some positive integer r. An inclusion 

CA{G) < CA(x) follows that A /C a (x) has a special rank at most r. Then r(A(x — 1)) < r.

Let A: be a positive integer such that |Ωι (G)| =  qk. Then G has an ascending series of finite 

subgroups

Lx = C ix(G) < L 2 < . . . < L n < Ln+1 < ... 

such that Ln =  Dri<;-<fc(x„,), where \xUj \ < qn for each j, and G =  UneN Ln■ The equality

A(cx;Zp°oL„) =  Α(ωΖρ°° (хПі)) + · · · + Α(ωΖρ°° (хПк)) — А(хПі — 1) -І- .. . + А(хПк — 1)

together with г(Л(х„. - 1)) < r, 1 < j < к, shows that r(A(a;ZL„)) < rk for every n Є N . 

Since G =  UneN Ln we have A(cvZp̂ G) =  U„eN Α(ωΧρ^Εη), moreover L„ < L„+1 implies 

that A{coXp™Ln) < Α (ωZ pooL„+1) for every n Є N . Let В be an arbitrary finitely generated 

subgroup of A(o;Zp«>G). Then there exists a positive integer m such that В < A (w Zp<*>Lm). By 

proved above В has at most rk generators. It follows that A(coZp°°G) has a finite special rank 

at most rk.

Let Q be the divisible part of G. Since A /Ca (Q) is minimax, A has a series of Z p»G- 

submodules Сд(£>) — С < T < A where T/C =  Tor (А/С) is a Chernikov group and A/T 

is torsion-free and has finite Z p~-rank. Repeating the final part of the proof of Lemma 3, we 

obtain that Q =  Cq (T) and Q = Cq (A/T).

Let a be an arbitrary element of T. Consider the mapping 7я : Q Α(ωZ p̂ Q), defined 

by the rule 7я(х) =  я(х — 1)· By (x — l)(y  — 1) =  (xy — 1) — (x — 1) — (у — 1). We have 

а(ху - 1) =  a(x - 1) + a(y - 1) + a(x - 1 )(y - 1) =  a(x - 1) + a(y - 1). An equality Q =  

C q (T ) implies that a(x - l)(y  - 1) =  0. In other words, 7й(ху) =  7я(*) + 7«(у)/thus 7a is a 

homomorphism. Furthermore, Кег(7й) =  Cq(a) and Im (7e) =  (α)(ωZ pocQ) =  [a,Q], so that 

[a, Q] =  Q/Cq(a). It follows that if [a, Q] φ (0), then it is a divisible Chernikov subgroup and 

Π([α, Q]) C n (Q ) =  {q}. Since it is valid for every а Є T, T(coZp<»Q) is a divisible subgroup 

(if it is non-trivial) and n(T(a>Zp°°Q)) C U(Q) =  {q}. By proved above, T(o;Zp~Q) has finite 

special rank, and therefore T(a;Zp«Q) is a Chernikov subgroup.

Consider now the factor-module A /V  where V =  T(o?Zp~Q). Then the inclusion 

T/V < Ca/v (Q) implies that (A/V)((vZp<*Q) < T/V. Using the above arguments, we obtain 

that (A/V)(toZpo°Q) is a Chernikov divisible group such that n ((A /V )(a ;Z pooQ)) C n (Q ). 

We have

(A/V)( coZpooQ) =  (A(cvZp°°Q) + V)/V =  (A( w Zr Q) + Τ(α;Ζρ» Q ))/(T (w Zp» Q),

which follows that A{u)Zp™Q) is a Chernikov divisible subgroup such that 

Tl(A(ivZpo°Q)) C Π (Q).

Let M  =  A(coZp°°Q), then Q < Cc (A/M), in particular, G/Cc {A/M) is finite. By proved 

above (A /M )(a ;Zp°oG) has finite special rank. Using the above arguments, we obtain that 

(a + M )(a;Zpc°G) is a finite group and П((л + M )(o;Zp°°G)) C n (G ) =  {q} for every ele­

ment а Є A. The finiteness of n (G ) implies that [А/M){wZp̂ G) is a Chernikov subgroup 

of A /M  and n ((A /M )(a ;Z p~G)) C n (G ) =  {q}. Hence A (a;Zp~G) is Chernikov and 

n (A (a ;Z p<»G)) C n (G ) =  {<7} but n (A (a ;Z p°°G)) C {p} so we have q =  p. □

Corollary 3. Let G be a group and A a Z p̂ G-module. If A /C a {G) is minimax as Z p°°-module, 

then every locally generalized radical subgroup of G/Cg {A) is soluble-by- finite, and every 

periodic subgroup ofG/Cc{A) is nilpotent-by-finite.



Proof. Indeed, Lemma 3 shows that G/Cq(A/Ca(G)) is soluble-by-finite. Every element x Є 

Cg(A/Ca(G)) acts trivially in the factors of the series (0) < Сд (G) < A. It follows that 

Cg(A/Ca{G)) is abelian. Suppose now that H/Cg{A) is a periodic subgroup of G/Cq(A). 

Since А /Сд (G) is minimax, A has a series of H-invariant subgroups

(0) < Ca (G) < D < K < A ,

where D /Сд (G) is a divisible Chernikov subgroup, K /D  is finite and A /K  is torsion-free and 

has finite Zpoo-rank. In Lemma 3 we have already proved that G/Cq (D/Ca  (G)), G /CG (K/D ) 

and G /Cc (A/K) are finite. Let Z =  Cg(D /C a (G)) П CG{K/D ) П CG(A/K). Then G /Z  is 

finite. If x Є Z, then x acts trivially in every factors of a series (0) < Сд (G) < D < K < A. By 

Kaloujnin's theorem [7] Z is nilpotent. □

Let G be a generalized radical group and let R\ be a normal subgroup of G, satisfying the 

following conditions: R\ is radical, G/R\ does not include the non-trivial locally nilpotent 

normal subgroups. Then G/R\ must include a non-trivial normal locally finite subgroup. It 

follows that the locally finite radical R2/R 1 is non-trivial. If we suppose that G /R2 includes 

a non-trivial normal locally finite subgroup L /R2, then L/R\ is also locally finite, which con­

tradicts the choice of R2· This contradiction shows that G /R2 does not include a non-identity 

normal locally finite subgroup, and therefore it must include a non-identity normal locally 

nilpotent subgroup. Let R3/R 2 be a normal subgroup of G /R2 satisfying the following con­

ditions: R3/R2 is radical, G/R3 does not include non-identity locally nilpotent normal sub­

groups. Using similar arguments, we construct the ascending series of normal subgroups

(1) =  Rq 5; Rl 5: · · · R« <· R<x+1 < ■ · ■ R7 — G,

whose factors are radical or locally finite, and if RK+\ / Ra is radical (respectively locally finite), 

then Ru+2/ Ra+i is locally finite (respectively radical).

This series is called a standard series of a generalized radical group G.

Lemma 5. Let G be a group and let A be a minimax-antifinitary Ж p«>G-module. Then every 

proper generalized radical subgroup of G /  Cq (A) is soluble-by-finite.

Proof Again we w ill suppose that CG(A) — (1). Let L be an arbitrary proper generalized 

radical subgroup of G. Let

(1) =  Ro < R\ < .. . Ra < RK+1 < .. . Ry — L,

be a standard series of L. Suppose that 7 > ω  (a; is the first infinite ordinal) and consider 

the subgroup Ro,. Assume that Ru, is finitely generated, that is Rto =  (и\,...,щ) for some 

elements Mi,. . . ,  Mf. The equality Rw =  U«eN R» shows that there exists a positive integer m 

such that u\,.. . ,ut Є Rm. But in this case, =  Rm and we obtain a contradiction. This 

contradiction shows that R(0 is not finitely generated. It follows that A/Ca(Ru) is minimax. 

Corollary 3 shows that Rw is soluble-by-finite. In this case =  R2 and we again obtain a 

contradiction. This contradiction shows that 7 — k for some positive integer.

Now we w ill use induction by k for a proof of our assertion. Consider the subgroup R\. 

Then either R\ is radical or locally finite. If R\ is not finitely generated, then А/Сд (R^) is

minimax. Corollary 3 shows that R\ is soluble-by-finite. Suppose that R\ is finitely generated. 

If R\ is locally finite, then it is finite. Therefore assume that R\ is radical. Let

(1) =  Vb< Vi < ...V * < Va+1 < . . . V 4 =  Ri,

be an ascending series of R\ where Va+i/V a is the locally nilpotent radical of Ri/Va, a < η. 

Using the above arguments we obtain that η — d for some positive integer d. Let m be a number 

such that all factors Vm+i/V m, Vm+2 /Vm+\, · · · / Vd/Vd-1 are finitely generated. Since they are 

locally nilpotent, they must be polycyclic. It follows that V(i /  Vm is polycyclic. In particular if 

every subgroup Vj is finitely generated, 1 < j < d ,  then R\ is polycyclic. Therefore assume that 

there is a positive integer s such that Vs is not finitely generated, but a subgroup Vj is finitely 

generated for all j > s. Then А/Сд(У5) is minimax and Corollary 3 yields that Vs is soluble. 

In this case R\ / Vs is polycyclic, so that R\ is soluble.

Suppose that we have already proved that all subgroups R j, R2 , . . . ,  Rk-i are soluble-by- 

finite. Repeating the above arguments, we obtain that and R^ is soluble-by-finite, and the 

result is proved. □

Lemma 6. Let G be a group and let A be a minimax-antifinitary Z p°°G-module. If H is a proper 

subgroup ofG and Coc z p0O-mmx(G) does not include H, then H is finitely generated.

Proof. Indeed if we suppose that H is not finitely generated, then А /С  a (H) is minimax. Corol­

lary 1 shows that А/Сд(/г) is minimax for each element h Є H. It follows that 

H < Cocz pco-mmx(G), and we obtain a contradiction with the choice of H. □

2 P r o o f s  o f  t h e  m a in  results

Proposition 1. Let G be a locally generalized radical group and let A be a minimax-antifinitary 

Z p°°G-module. If G/Coczi>ca-mmx(G) is not finitely generated, then G/Cg(A) is a quasicyclic 

q-group for some prime q.

Proof. Again suppose that Cg(A) =  (1). Let M  =  Cocz p00-mmx(G). Let Я  be a proper sub­

group of G. If M does not include H, then Lemma 6 shows that H is finitely generated. In 

particular if M  < H, then H /M  is finitely generated. In other words, every proper subgroup 

of G /M  is finitely generated. By [8, Proposition 2.7] G /M  is a quasicyclic ^-group for some 

prime q.

Let L /M  be a proper subgroup of G /M , then L /M  is a finite cyclic subgroup. An applica­

tion of Lemma 6 shows that the subgroup L is finitely generated. The finiteness of index | L : M| 

implies that M  is finitely generated (see, for example, [5, Corollary 7.2.1]). Using Lemma 5 we 

obtain that M  is soluble-by-finite. Then M  includes a maximal normal soluble subgroup S 

such that M /S  is finite. It is not hard to see, that S is G-invariant. Let D =  S', then M /D  is 

abelian-by-finite and finitely generated, therefore it is noetherian. Let V /D  be a proper sub­

group of G /D . If M /D  does not include V /D , then M  does not include V, and as above, V is 

finitely generated. Then V /D  is also finitely generated. If V /D  < M /D , then again V /D  is 

finitely generated. Thus every proper subgroup of G /D  is finitely generated, and application 

of [8, Proposition 2.7] shows that G /D  is a quasicyclic group. Since M /D is a proper subgroup 

of G /D , M /D is a finite cyclic subgroup. Suppose that D φ  (1), then K =  D' φ D. Repeating 

the above arguments, we obtain that G /K is a quasicyclic group. In particular, it is abelian.



Then S/K is abelian, which follows that K >  S' =  D. This contradiction shows that D =  (1), 

so that G is a quasicyclic group. □

Lemma 7. Let G be a locally generalized radical group and let A be a minimax-antifinitary 

Z po°G-module. Suppose that G φ CocZpCa-mmx(G), G is not finitely generated, and 

G /Coczpc<,-mmx(G) is finitely generated. Then G is soluble and G/ Coc z p°o-mmx(G) is a group 

of a prime order q.

Proof. Again suppose that Cg(-A) =  (1)· Let D =  Cocz p«>-mmx(G). Since G /D  is finitely 

generated, G =  (M, D) for some finite subset M  of G. We may suppose that M  is minimal 

finite set with this property, that is G Φ (S, D) for each proper subset S of M. Now suppose 

that |M| > 2. Then M  includes two proper subsets X, Y such that Μ =  X U Y. By the choice of 

M, the subgroups (X, D) and (Y, D) are proper and also (X, D) φ D, (Y, D) φ D. By Lemma 6 

both subgroups (X, D) and (Y, D) are finitely generated. An equality X U Y =  M  implies that 

G =  (X ,Y ,D ) is finitely generated. This contradiction shows that |M| =  1. In other words, 

G /D  is cyclic. Suppose that |G/D| is not a prime. Then G includes a proper subgroup В such 

that D < В, В Ф D, and G/B has a prime order. Using Lemma 6 we obtain that В is finitely 

generated. The finiteness of G/B gives that G is finitely generated. This final contradiction 

proves that G /D  has a prime order. Choose an element g such that G =  (g ,D ).

Since G is not finitely generated, D cannot be finitely generated. Using Lemma 5, we obtain 

that D is soluble-by-finite. Let S be a maximal normal soluble subgroup of D having finite 

index. Suppose that D φ S. Clearly S is G-invariant. Since D/S is finite and non-soluble, 

S(g‘>) φ D. It follows that S(g) is a proper subgroup of G. Since D does not include S(g), 

S(g) is finitely generated by Lemma 6. Then S(g^) is finitely generated (see, for example, [5, 

Corollary 7.2.1]). Since the index |D : S| is finite, D is finitely generated. This contradiction 

shows that D is soluble. Hence G is soluble. □

Let K be a finite group. We have \K\ =  p[' ...pi* where p i , . . . ,p s are primes and pm Φ Pj 

whenever m Φ j. Put Π  (K) =  {p i,. ps}·

Corollary 4. Let G be a locally generalized radical group and let A be a minimax-antifinitary 

Z po°G-module and D =  Cocz p«,-mmx(G). Suppose thatG φ  D,G is not finitely generated and 

G / D is finitely generated. Let g be an element of G with a property G =  (g)D. IfHisanormal 

subgroup of G, having finite index, then H(g) =  G. Moreover, G /H  is a q-group.

Proof. If we assume that H(g) is a proper subgroup of G, then the choice of g yields that D 

does not include H(g). By Lemma 6, H(g) is finitely generated. Since H(g) has finite index, G 

must be finitely generated. This contradiction shows that H (g) =  G.

Suppose that n (G /H ) Φ {q}. Let P /H  be a Sylow ^-subgroup of G/H. Then P /H  is 

a proper subgroup of G /H . Since P has finite index in G, P is not finitely generated. Then 

A /Ca (P) is minimax. It follows that P < D. On the other hand, G /D  is a non-trivial q-group 

and therefore D cannot include P. This contradiction proves that G /H  is a ij-group. □

Let G be a group, denote by Tor(G) the maximal normal periodic subgroup of G (periodic 

part of G).

Proposition 2. Let Gbea locally generalized radical group and let A be a minim ax-an tifini tar у 

Zpo°G-module. Suppose that G Ф Cocz poo-mmx{G), G is not finitely generated and

G/Coczpco-mmx(G) is finitely generated. If G /G ' is infinite, then G =  Q x (g) where Q is 

a quasicyclic p-subgroup, g is a d-element and gd Є Coczp0a-mmx{G), where p, d are primes 

(not necessary different).

Proof. As usual we suppose that Cg (A) =  (1). Let D =  Cocz-mmx(G). By Lemma 7, G is 

soluble and G /D  is a group of a prime order q. Choose an element g such that G =  (g ,D ).

Put K =  G', then K < D. Suppose that K(g) =  G. Since G/K is infinite and 

G/K — K(g)/K =  (g) /((g) Π K) we obtain that gK has infinite order. Let r\, r2 be two distinct 

primes. Then K(gri) is a proper subgroup of G. Since it has finite index in G, K(gri) is not 

finitely generated. It follows that А / CA(K(gri)) is minimax for every j Є {1,2}. Since Г\ ф r2 

we have (g) =  (gri)(gr2)· Corollary 1 shows that A /CA((g)) is minimax, that is g Є D, and 

we obtain a contradiction with the choice of g. It shows that K(g) is a proper subgroup of G.

Now let Z/(K(g)) be a proper subgroup of G/(K(g)). Then D does not include Z and 

hence Lemma 6 shows that Z is finitely generated. If we assume that Z has finite index in G, 

then G must be finitely generated, so we obtain a contradiction. This contradiction shows that 

the factor-group G/(K(g)) is ^-perfect. Then G/(K(g)) includes a subgroup P/(K(g)) such 

that G /P  is a quasicyclic d-group for some prime d. Since g Є P, we have that D does not 

include P. By Lemma 6, P is finitely generated. It follows that G/K is an abelian minimax 

group. Suppose that Tor(G/K) Ф G/K. Then T/K =  Tor(D/K) φ D/K. Put

7Г = {r I r is a prime such that D/T Φ (D/T)r}.

Since D /T  is torsion-free and minimax, the set π is infinite. Therefore we can choose a prime r 

such that r φ q and r Є тс. Let L/T =  (D /T )r, then D /L is a non-identity elementary abelian 

r- group. By the choice of L, n (G /L) =  {r, q} and this contradicts Corollary 4. Hence we have 

that G/K is periodic. In this case, P/K is finite, so that G/K is a Chernikov group. Let Q/K 

be the divisible part of G/K. Since Q/K =  G/P, Q/K is a quasicyclic ^-subgroup. Since Q 

has finite index in G, Corollary 4 shows that G =  Q(g) and G /Q  is a ij-group. It follows that 

G/K =  Q / Κ x (gK) (see [2, Theorem 21.2]). Moreover, by Lemma 4 Q is a p-group.

Suppose that Κ φ (1). Then L =  K' φ K. We have already proved above that K(g) is a 

proper subgroup of G. Since D does not include K(g), Lemma 6 shows that K(g) is finitely 

generated. The fact that G/K is periodic implies that K has finite index in K(g). Then K 

is finitely generated (see, for example, [5, Corollary 7.2.1]). Thus K/L is a finitely generated 

abelian group. Then K/L includes a proper G-invariant subgroup V/L of finite index in K/L 

(this subgroup can be identity). Then G/V is a Chernikov group with finite derived subgroup. 

Let Q\/V be the divisible part of G/V, then Q\/V =  Q/K, so that Q\/V is a quasicyclic q- 

subgroup. Since [G/V,G/V] is finite, Q\/V < £(G /F ). Since index |G : Qi| is finite, G = 

Qi (g) by Corollary 4. This equality together with the inclusion Q\/V < ζ(G/V) implies that 

G/V is abelian. But in this case Κ < V, and this contradicts with the choice of V. Consequently 

we have K =  (1). So Q is a proper subgroup of G which is quasicyclic (/-group, than by 

Lemma 4 Q is a p-group. □

Proposition 3. Let Gbea locally generalized radical group and let A be a minimax-antifinitary 

Zp^G-module. Suppose that G Φ Cocz pBo-mmx(G), G is not finitely generated and 

G /CoczpX-mmx(G) is finitely generated. If G/G' is finite, then G includes a normal divisible 

Chernikov p-subgroup Q, such that G =  Q(g) where g is a d-element, gd € Cocz «.-mmx(G) 

and p, d are primes (not necessary different). Moreover, the subgroup Q is G-quasifinite.



Proof. As usual we suppose that Cg(A ) =  (1). Let D =  C o c^»-mmx(G). By Lemma 7, G is 

soluble and G /D  is a group of a prime order d. Choose an element g such that G =  (g, D).

Put K = G'. Since G/K is finite, Corollary 4 shows that G =  K(g) and G/K is a d-group. It 

follows that K is not finitely generated.

Since G is not finitely generated and soluble, L =  K' is a proper subgroup of K. If we 

suppose that (g,L) =  G, then G /L =  (g)L/L =  (g)/{(g) П L) is abelian. It follows that 

K < L, and we obtain a contradiction. Thus (g, L) is a proper subgroup of G. If we suppose 

that G /L is finite, then Corollary 4 shows that G =  L(g). Hence G/L is infinite, i.e. K/L is 

infinite. As we noted above, (L,g) is a proper subgroup of G. Since D does not include (L,g),

(L,g) is finitely generated by Lemma 6. A subgroup (g) П K is cyclic, so that (g) (Ί K =  (v) for 

some v Є (g). Then we have

Kn(L(g)) =  L(Kn(g))  =  L{v).

Clearly L(v) is a G-invariant subgroup of K. Furthermore, |(L,g) : L(v) \ < |G : D| — d. It 

follows that (L,v) is finitely generated (see, for example, [5, Corollary 7.2.1]). If we suppose 

that K/(L(v)) is finitely generated, then K is finitely generated. This contradiction shows that 

К / (L(v)) is not finitely generated.

Let Z/(L(v)) be a proper G-invariant subgroup of K/(L(v)), then we have 

z(g) η K — X{{g) ПК) =  Z(v) =  Z. It follows that Z(g) is a proper subgroup of G. Since D 

does not include Z(g), Z(g) is finitely generated by Lemma 6.

Assume that K/(L(v)) includes a proper subgroup U/(L,v) of finite index. Then |G : U\ 

is finite, so that tii =  CoreG(li) has finite index in G. By above proved U\ (g) is finitely 

generated. Finiteness of |G : U\ | implies that G is finitely generated. This contradiction shows 

that K/(L(v)) is ^-perfect. Then K/(L(v)) includes a subgroup P/(L(v)) such that K/P is a 

quasicyclic ij-group for some prime q. We remark that К/Px =  Kx / Px =  K /P, i.e. К /Px is a 

quasicyclic q- group for all x Є G. Finiteness of G/K implies that the family {Px \ x Є G} is 

finite. Let {Px I x Є G} =  {Pi, Pi ,. . . ,  Pm} where Pi =  P. Then the embedding

K/CoreG(P) - 4  G/Pi x G/P2 x . . .  x  G/Pm,

shows that К /CoreG(P) is a Chernikov (/-group. Since K/CoreG(P) is J- perfect, it is divisible. 

Since (L,v) < P and (L,v) is G-invariant, (L,v) < C =  CoreG(P). By proved above, C is 

finitely generated. In particular, C /L is an abelian finitely generated group, so that K/L is an 

abelian minimax group. Suppose that Tor(K/L) =  T/L φ K/L. Put

7Г =  {r I r is a prime such that K/T Φ (K/T)r}.

Since K/T is torsion-free and minimax, the set π is infinite. Therefore we can choose a prime r 

such that r φ  d and r Є  тс. Let M/T  =  (K/T)r, then K /M  is a non-identity elementary abelian

r- group. Clearly a subgroup M  is G-invariant. By the choice of Μ, П (G/M) =  {r,d}. This

contradiction with Corollary 4 shows that K/L is periodic. In this case, C/L is finite, so that 

K/L is Chernikov. Let Q/L be a divisible part of K / L. The isomorphism Q / L =  K/C shows 

that Q/L is a ^-subgroup. Since Q has finite index, an application of Corollary 4 shows that 

G =  Q(g) and G /Q  is a d-group.

Suppose that Q/L includes an infinite G-invariant subgroup Q\/L and that Q i (g) is finitely 

generated. Then Qi{g)/L =  {Q\/L){gL) is also finitely generated. Now G /L is periodic, in

particular, (gL) is finite. It follows that Q i /L  is finitely generated. On the other hand, Q\/L 

is an infinite Chernikov group, therefore it cannot be finitely generated. This contradiction 

shows that Qi (g) is not finitely generated. Then A /Ca (Qi (g)) is minimax. Corollary 1 shows 

that g Є D. This contradiction shows that Q/L is G-quasifinite.

Suppose that L φ (1). Then V — L' φ L. We have already proved that L(g) is is finitely 

generated. The fact that G /L is periodic implies that L has finite index in L(g). Then L is 

finitely generated (see, for example, [5, Corollary 7.2.1]). Thus L/V is a finitely generated 

abelian group. Then L/V includes a proper G-invariant subgroup ]N/V  of finite index in 

L/V  (this subgroup can be identity). Then K/W  is a Chernikov group, having finite derived 

subgroup. Let Q2/ W be the divisible part of K/W, then Qz/W =  Q/L, so that Qz/W is a di­

visible Chernikov (/-subgroup. Since (K/W)' is finite, Q2/W  < ζ{K/W). Since index |G : Q2I 

is finite, G =  Qi(g) by Corollary 4. Then

K = K n ( Q 2(g)) =  Q2(KT (g)) -  Q2(v).

It follows that K /Q2 is cyclic. Then the inclusion Q2/W  < ζ ^ /W) implies that K/W is 

abelian. But L < W ,  and this contradiction the choice of W. Consequently L is abelian. So Q is 

a proper subgroup of G which is Chernikov 17-group, than by Lemma 4 Q is a p-group. □

Recall that a group G have finite special rank r (G) =  r if every finitely generated sub group 

of G has at most r generators and there exists a finitely generated subgroup H of G such that 

H has exactly r generators. Therefore every abelian minimax group has finite special rank.

3 Pr o o f  o f  t he  m a in  Th e o r e m

If G /D  is not finitely generated, then Proposition 1 shows that G is a group of type (1).

Suppose now that G /D  is finitely generated. Then Lemma 7 proves that G is soluble and 

G /D  is a group of a prime order q. If we assume that G/G' is infinite, then Proposition 2 

shows that G is a group of type (2).

Finally suppose that G/G' is finite. Then Proposition 3 shows that G includes a normal 

divisible Chernikov p-subgroup Q, such that G =  Q(g) where g is a d-element, p, d are primes 

(not necessary different). Moreover, gd Є D and Q is G-quasi-finite. Finally, the assertion 3c 

follows from the results of Section 3 of the paper [21], and the assertion 3d follows from Theo­

rem 3.4 of the paper [6].

Let G be a group of the type (2) or (3). Then D =  Q(gd) is a proper Chernikov subgroup of 

G, and hence it is not finitely generated. Then A /C a (D) is minimax and Lemma 4 proves the 

final assertion.
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Чупордя B.A. Про структуру деяких мінімаксно-антифінітарних модулів / /  Карпатські матем. 

публ. — 2015. — Т.7, №1. — С. 120-132.

Нехай R — кільце, G — група. R-модуль А називається мінімаксним якщо А містить нете- 

ровий підмодуль В такий, що А /В артіновий. Вивчаються Ζ ρ°° G-модулі А такі, що Д/Сд(Н) є 

мінімаксним як Жр°°-модуль, для кожної власної підгрупи Н, яка не є скінченно породженою.

Ключові слова і фрази: мінімаксний модуль, коцентралізатор, модуль над груповим кільцем, 

мінімаксно-антифінітарний RG-модуль, узагальнено радикальна група.
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